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Abstract. We consider the computation of averaged coefficients for the homogenization of
elliptic partial differential equations. In this problem, like in many multiscale problems, a large
number of similar computations parametrized by the macroscopic scale is required at the microscopic
scale. This is a framework very much adapted to model order reduction attempts.

The purpose of this work is to show how the reduced-basis approach allows to speed up the
computation of a large number of cell problems without any loss of precision. The essential com-
ponents of this reduced-basis approach are the a posteriori error estimation, which provides sharp
error bounds for the outputs of interest, and an approximation process divided into offline and
online stages, which decouples the generation of the approximation space and its use for Galerkin
projections.
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1 Introduction

In this work, we study the numerical homogenization of linear scalar elliptic partial
differential equations (PDESs) such as those encountered in the problems of thermal
diffusion and electrical conduction. Oscillating test functions, also termed correc-
tors, are computed through a reduced-basis (RB) approach for parametrized cell
problems supplied with periodic boundary conditions. Numerical results have been
obtained with some prototypical parametrizations of the oscillating coefficients and
are shown in a two-dimensional case with one single varying rectangular inclusion
inside rectangular cells. But the method applies to all numerical homogenization
strategies that require to solve a large number of parametrized cell problems, pro-
vided the approximation error for the homogenized coefficients can be a posteriori
estimated from approximation errors for the cell problems.

In periodic homogenization, only one cell problem has to be solved in order to
completely determine the homogenized coefficients to be used in the homogenized
(macroscopic) equation. In sharp contrast, non-periodic homogenization requires the
solution of several cell problems (in fact, theoretically, an infinite number of them,
and in practice, a large number). A homogenized coefficient is then approximated
by some average over a large number of microscopic cells. Consequently, as opposed
to the periodic case where the computation is light and exact, the non-periodic case
asks for a computationally demanding and approximate-in-nature task. This is why
the design of a fast and accurate numerical homogenization method is considered as
an important issue for the treatment of non-periodic heterogeneous structures. The
RB approach seems very well adapted to this framework.

The article is organized as follows. In section 2, we give a detailed presentation
of the setting of the problem. For the sake of consistency and the convenience of the
reader, we also briefly outline the main relevant issues in homogenization and RB
theories. In section 3, the RB approach for a parametrized cell problem is introduced
and we notably derive a posteriori error bounds related to the convergence of the
RB method in the homogenization context. Numerical results for the prototypical
example of rectangular cells with one single rectanguler inclusion are presented in
section 4. Possible extensions of our work are discussed in the final section.

2 Setting of the problem, elements of homogenization
theory and RB approach

2.1 Formulation of the problem

The mathematical problem under consideration throughout this article reads as
follows. We are interested in the behaviour of a sequence of scalar functions u* that
satisfy

—div(A“(z)Vus(z)) = f(z),Vz € Q (1)
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in a connected bounded open set 2 C R"™, for a sequence of scalars € > 0. Of interest
is the asymptotic limit of the sequence u¢ when ¢ — 0, along with approximations
for u€ when € is small.

For the sake of simplicity, the scalar source term f is chosen in L2(f2) and we
supply equation (1) with the following boundary conditions on the smooth (say
Lipschitz) boundary 0Q =T'p |JT'y of €,

u_€ |FD: 0

But as a matter of fact, it is well known that the homogenization results are local
in nature and do not depend on the boundary conditions, except for what regards
error estimations close to the boundary. Nor do the homogenization results depend
on the source term f. Hence the generality of the assumptions (BC) and f € L?(2),
chosen here to give a precise mathematical frame to the numerical experiments.

To fix ideas, the unknown u® could be thought of, either as a temperature or
as an electric field in a macroscopic domain §2. The tensorial coefficients for A¢(x)
would respectively be thought of, either as temperature diffusivities or as electric
conductivities. ~

Next, let us define, for any € > 0, the family A€ € L>*(Q, Mq, 4 ) of functions
from 2 to the set M, , ~, of uniformly positive definite n x n matrices (second order
tensors) with uniformly positive definite inverses, that is, matrices A€ satisfying, for
all z € Q,

0 <aa|ul’< AYx)u-u,YueR" (3)
0 <valul*< f:le(x)_lu ~u,Vu € R" . (4)

Under such conditions, equations (1)-(2) are well posed in the sense of Hadamard.
For every € > 0, there exists a unique solution v in HllD Q) ={ue H(Q),u|r,=0}
that continuously depends on f,

[u @) < CENfllz2 ) > (5)

with some constant C(€2) that is only function of 2. Moreover, the sequence of
solutions u€ is bounded in H%D (), so that some subsequence €’ weakly converges
to a limit u* € H%D (Q) when ¢ — 0. We are specifically interested in estimating
the behaviour of this weakly-convergent subsequence. ~

In a typical frame for the homogenization theory, the coefficients A€ are as-
sumed to oscillate very rapidly on account of numerous small heterogeneities in the
domain 2. For example, € typically denotes the ratio of the mean period for mi-
croscopic fast oscillations of A€ divided by the mean period for macroscopic slow
oscillations of A€ in Q. Moreover, it is usually assumed that macroscopic and micro-
scopic scales “separate” when ¢ is sufficiently small, which allows for the oscillating
coefficients to be explicitly homogenized in the limit € — 0, as exposed in the sections
2.2.2 and 2.2.3.

2.2 General context for homogenization

As announced above, this section 2.2 includes some basics of homogenization theory
for linear scalar elliptic PDEs. And since the purpose of this summary is only to
collect some elementary results, readers familiar with the homogenization theory
may then like to skip this section and proceed to section 2.3, which introduces the
RB theory.
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2.2.1 Abstract homogenization results

The following abstract homogenization result is the basis for many studies that aim
at computing a numerical approximation for u¢ when € is small [13, 17, 2, 11, 9].
It shows that, in the limit ¢ — 0, the small oscillating scale “disappears” from the
macroscopic point of view ; that is, the microscopic and macroscopic behaviours
asymptotically “separate”. This implies that the limit problem is easier to solve
than equation (1) for some small €, since the former does not require to resolve
microscopic details. Moreover, a tractable approximation of u¢ when e is small
enough can be computed from the asymptotic limit when ¢ — 0.

More precisely, u* can be obtained as the solution to the H-limit equation for (1)
(see equation (8) below). It is then an L? approximation for u¢ when e is small, as the
asymptotic L? limit of u¢ when € — 0. Moreover, an improved H! approximation for
u€ when € is small can also be computed with u* after “correction” of the gradient
Vu*.

The homogenization of the sequence of equations (1) is the mathematical process
which allows to define the H-limit equation and the H' approximation for u¢. It is
performed using the following abstract tools [14]:

e a sequence of n oscillating test functions z§ € H'(£2) such that, for every direction
e; of the ambient physical space R" (1 < i < n), we have 2f—x; in H!({2) and

—div(AVzS) = —div(A*e;) in H1(Q) ,

e a homogenized tensor A* defined by

AV — A%e; in [L2(Q)]", (6)
e a subsequence u€ of solutions for (1) that satisfies

u_el — u* in {{%D(Q)
A9V — A*Vu* in [L2(Q)]"

where u* is solution for the H-limit or homogenized equation
—div(A*(2)Vu*(z)) = f(z), Yz € Q | (8)
supplied with the boundary conditions (BC),

e and an asymptotic approximation for a subsequence €' of € that satisfies

‘ T =0 ) 9)
L2(Q)

' Vu — Z 2 O =0 , (10)
=1 [Lipe (D]

loc

where J;u* are the components of Vu* in each direction e;.

Note that the latter convergence result (10) for Vu¢ also holds in [L? (Q)]"
if u* € WhH(Q). So, if u* € H%*(Q), the corrector result states that u¢ can be
approximated with the following formula,

n

u =t (2 — @)t + e (11)
=1
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where the remainder term r. converges strongly to zero in Wlicl(ﬂ)

In a nutshell, the homogenization of the sequence of equations (1) has allowed
to derive an abstract homogenized problem, (6)-(8), the solution u* of which can be
corrected with (10) into an H! approximation of u¢ in the limit ¢ — 0.
~ But to this point, we still lack an explicit expression for the homogenized tensor
A* in order to get an explicit asymptotic limit w*. That is why, though it is not
required by the previous abstract theory, the scale separation in the behaviour of
the oscillating coefficients A€ is often assumed to be explicitly encoded, using some
specific postulated form for A¢. This allows to derive an explicit expression of the
homogenized problem, and even an error estimate in terms of € for the correction
error re in (11), which allows to quantify the homogenization approximation error.

2.2.2 The explicit two-scale homogenization

To get explicit expressions for the homogenized problem, some particular depen-
dence of the family A€ on the space variable z is often assumed, like in two-scale
homogenization for instance. Namely, on account of the scale separation assumption
and the local dependence of the homogenization process, one of the most common
assumption is the local periodicity for A€, which can be made precise as follows.

It is assumed that tensors A€ are traces of functions of two coupled variables on
the set locally defined by a fast microscopic variable e 'z linearly coupled with the
slow macroscopic variable x in :

A(a) = A(2,7) (12)
€
where, for any x € 2, the function f:l(ac, )
Az,)):y e R" — A(zx,y) € R™*"

is 1-periodic in each of the n directions (e;)1<i<n. The domain Y = [0,1]™ of the
periodic pattern is called the cell and is identified with the n-dimensional torus.
(z,-) is said to be Y-periodic. Note that the properties 3 of the tensors A¢ imply
€ L( L(Y, Ma ).

Now, under the assumption (12) of local periodicity, one possible manner to get
explicit expressions for the homogenized problem is to perform a formal two-scale
analysis with the following Ansatz

u(z) = ug <CE, %) + euq (az, %) + €uy (:U, %) e (13)

where, for any = € Q, the functions u;(z,-) are Y-periodic. The first two terms of
the Ansatz (13) are shown to coincide with the H! approximation (11) for u¢ [4, 1].

Inserting the Ansatz (13) into equation (1) gives the following explicit expressions
for the objects previously defined by the abstract homogenization result:

A
A

e the function uy = w*(x) does not depend on the fast variable e 'x and is the L?
approximation for u¢ given by the convergence result (9),

e the gradient Vyui(z,-) linearly depends on V u*(z),

Uy (3:, %) = i@iu*(w)wi (x, %) + a1 (x),
i=1

where (w;(z,-))1<i<n are n Y-periodic cell functions,
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e the n cell functions w;(x, -), parametrized by their macroscopic position x € €,
are solutions to the following n cell problems

—divy(A(w,y) - [e; + Vywi(z,y)]) = 0,Vy € R" , (14)
and the correctors z{ now read z{ = z; + ew;(z, z/e€),

e the entries (j*(x)”) i of the homogenized matrix A* can be explicitly com-
_27.7 —n

puted with the cell functions w;(z, -),

By = [ Aw)ies + ity e dy (15)
Y
e the H' approximation for u¢ is now tractable and writes

n
ut =u+e Z w;Ou* + re (16)
i=1

where, provided u* € W2%°(Q), the correction error r. can be estimated to
locally scale as € (far enough from the boundary layer), and to globally scale

as \/e,
Hr€||H1£D(w) < CleHU*HWQv"C(w)vvw €, (17)

HTEHH%D(Q) < Covelu*|lw2o (@), (18)
with constants C and Cs depending only on €.

To sum up, the local periodicity assumption (12) allows to completely determine
the homogenized problem through explicit two-scale expressions. The derivation of
the homogenized equation in the case of locally periodic coefficients serves as a basis
for many numerical homogenization strategies.

2.2.3 Numerical homogenization strategies

Under the local periodicity assumption (12), a possible two-scale explicit homoge-
nization strategy for a sequence of linear scalar elliptic PDEs like (1) reads as follows
in the frame of Finite-element (FE) approximations for the scalar elliptic problems

(14) and (8).

Algorithm 1 (Two-scale homogenization strategy) 7To homogenize the sequence
of PDEs (1):

1. solve the parametrized cell problems (14) at each point x € Q where the value
of A*(x) is necessary to compute the FE matriz of the homogenized problem

(8),

2. store the functions w; for the future computation of the H' approximation of

us,

3. assemble the FE matrix associated with the homogenized operator —div(/zl*V-),

4. solve the macroscopic homogenized problem (8),
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5. build the H' approzimation (16) for u® with u* and w;.

On the one hand, in many practical situations, it is very common to assume that
the tensors A€ satisfy the assumption (12). Indeed, in practice, A€ is often known
for some given € = ¢y only. So, some asymptotic structure A€ of the problem with
oscillating coefficients in 2 should be constructed starting from the single member
A% only. Now, to take advantage of the exact explicit expressions given by the
two-scale analysis, it is preferable to build a family A€ that satisfies assumption
(12). Assumption (12) then seems fully justified for many applications from the
practitioner’s point of view. Then, the main numerical difficulty of the two-scale
homogenization is the first step, that is the accurate computation of a large number
of cell functions. This is the main issue addressed in this article.

On the other hand, for some applications where the heterogeneities are highly
non-periodic, one may want to build the sequence A€ differently, or even skip the ex-
plicit construction of the sequence A€. For example, the actual construction process
of heterogeneities may suggest another sequence A¢ for which the error estimation
of the H! approximation would then be more precise and meaningful. Or it may
seem too difficult to explicitly build such a sequence A€ that satisfies (12) from
the knowledge of a single matrix A% only. In such cases, many numerical homoge-
nization strategies have been developped to treat the numerical homogenization of
oscillating coefficients that are not locally periodic.

To our knowledge, most of the existing numerical homogenization strategies may
be classified in one of the two following categories. They either rely on different space
assumptions than local periodicity for the oscillating coefficients (e.g. reiterated
homogenization [15], stochastic homogenization [6], deformed periodic coefficients
[8], stochastically deformed periodic coefficients [5]), and still allow to derive exact
(but not always fully explicit) expressions for the homogenized equation and the
error estimate of the approximation.

Or, the numerical homogenization strategies are much coarser and only rely
on the assumption that some explicit scale separation allows for the behaviour of
the oscillating coefficients at some small € to be numerically homogenized. Those
strategies are then approximate-in-nature. They manage to approximate quite a
large class of heterogeneous problems, but may be computationally very demanding.
They may also lack sharp error estimates beyond the periodic setting. Examples are
the Multiscale finite-element method (MsFEM) [13, 2], the Heterogeneous multiscale
method (HMM) [9], or the recent variational approach for non-linear monotone
elliptic operators proposed in [11]...

Now, in any of the two previously described situations where the numerical ho-
mogenization strategies require the computation of a large number of parametrized
cell problems, the RB approach proposed here-after is likely to bring some addi-
tional computational efficiency. As a matter of fact, most numerical approximate
homogenization strategies are only slight modifications of the exact two-scale ho-
mogenization strategy proposed above in the frame of local periodicity assumption
(12), and they do require the computation of a large number of parametrized cell
functions. For many mechanical applications, this owes to the assumed existence of
a Representative volume elements (RVE), which leads to general cell problems at
each point z of the macroscopic domain [10]. Many approximate numerical homog-
enization strategies that require the computation of a large number of parametrized
cell functions are indeed based on some version of the following well-known theorem
(proved in [14] for instance).
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Theorem 1 Let A€ be a sequence of matrices in L>*(Q, Mq,) that defines a se-
quence of linear scalar elliptic problems like (1). The H-limit of A€ is the homoge-
nized tensor A*.

For any x € Q and € > 0, and any sufficiently small h > 0, let us define a
sequence of locally periodic matrices 14_12 in the sense of (12),

Aj(2) = A + hle a]) | (19)

where [e~1x] denotes the integer part of e 1.

Then, for every 1 < i < n, there exists a unique sequence of periodic solutions
wf’h (z,-) in the quotiented Sobolev space H;FL (Y)/R of Y -periodic functions in H*(Y)
that satisfy the n cell problems

—div(A(a + hy) - [ei + Vyut ) = 0,9y € ¥ (20)

in the n-torus Y = [0, 1]". -
For each point v € Q and € > 0, we define a matriz AY, made of the entries

cn(@lei-ej = /Y Az + hy) - [ei + Vywi™ (@, y)] - [ej + Vyuwi" (2, )] dy

2

for any (i,7) in {1,2,...,n}*. Then, there exists a subsequence h' — 0 such that

T T Az (2) = A*(2) .

This theorem shows that, for any family A€, it is always possible to approximate
the exact homogenized problem with explicit expressions similar to those obtained
under the local periodicity assumption (12), after some local periodization process
of A€ like the one suggested in (19).

So, considering the landscape for the homogenization theory as described above,
among alternatives way of improving the numerical homogenization strategies, we
choose here to concentrate on speeding up the numerical treatment of a large number
of parametrized cell functions, rather than, for example, refining the approximations
leading to explicit cell problems for larger class of oscillating coefficients. -

In the sequel, for the sake of simplicity, we assume that the sequence of tensors A€
satisfies the assumption (12) and apply the RB approach to the two-scale numerical
homogenization strategy (Algorithm 1). Yet, the RB approach may apply as well
with any numerical homogenization strategy that consists of first approximating
A€ by some sequence of tensors A§ like in (19), the latter leading to an explicit
approximation for the homogenized problem after solving parametrized generalized
cell problems like (20). Let us now concentrate on decreasing as much as possible
the computational cost of solving (14) for many parameter values x € Q.

2.3 The reduced-basis method

Two critical observations allow to think that an output-oriented model order re-
duction technique like the RB method is likely to improve the repeated numerical
treatment of parametrized cell problems (14). First, only outputs of the cell func-
tions are required to solve the homogenized problem, and an a posteriori estimation
gives sharp error bounds for those outputs.

Second, as extensively discussed above, the numerous parametrized cell prob-
lems arising from numerical homogenization strategies can be solved independently
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for each value of the parameter. Thus, a computational procedure based on an of-
fline/online approach should naturally allow for a reduction of the computation time
in the limit of many queries. In particular, a large number of (and theoretically, an
infinity of) parametrized cell problems occurs in the limit € — 0 of the homogeniza-
tion strategies, in order to compute the homogenized problem (8) with non-periodic
coefficients. And the number of homogenized problems to compute and solve can
also be very large in practice, for instance in the frame of parameter estimation and
optimization problems.

These two observations motivate an RB approach for the parametrized cell prob-
lems (14), which should significantly decrease the expense of computations in terms
of CPU time for the homogenization problems where the offline stage is short com-
pared to the online stage, or where the offline stage is not even an issue (like in
real-time engineering problems for instance) [18]. We are now going to introduce
the basics of the reduced-basis method, well known to experts, who may want to
directly proceed to the Section 3.

2.3.1 The parametrized cell problem

Let X be the quotiented space H. 71# (Y)/R of Y-periodic functions that belong to the
Sobolev space H!(Y). The Hilbert space X' is imbued with the H!(Y')-norm

1/2
Jull e = ( / w-w)
Y

induced by the inner product (u, ’U)X = fY Vu - Vo for any (u,v) € X x X. In the
dual space X’ of X, the dual norm is defined for any g € X’ by

g(v)
91|+ = sup -
X ver vl

For any = € 2, we define:

e a continuous and coercive bilinear form in X x X parametrized by x € §,
auvia) = [ Alwy)Vuly) - olw)dy, Huv) € 2 X,
Y

for which a4 and ’yzl are respectively coercivity and continuity constants,

e and n continuous linear forms in X also parametrized by x € €,
fitwia) == [ Aw.)es Volw)dy Ywe x 1<i<n.
Y

Now, for all 1 < ¢ < n, the i-th cell problem (14) for the cell function w;(zx, )
rewrites in the following weak form: Find w;(z,-) € X solution for

a(wi(x,-),v;z) = fi(v;z) Vv e X, (21)

where x € ) plays the role of a parameter.
We set M; = {w;(z,y),r € Q} the solution subspace of the i-th cell problem
(21) induced by the variations of z in 2, and

N
M =Awi(z,y),zr € Q1 <i< N} = UMz
i=1
the global solution subspace, that is the reunion of all solution subspaces for all cell
problems.
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Remark 1 Note at this point that M; and M should be seen as spaces induced by
coefficients (/I*(ac, )) o and not induced by the values of x € ). It is indeed always
xe

possible (and often useful) to use other explicit quantities than x as a parameter to
map M; and M, provided that the variations of this parameter inside a given range
of values induce the same family of coefficients and the same corresponding cell
functions than x € €.

~ For the sake of simplicity in the presentation of the RB method, the tensor
A(z,-) will be assumed symmetric in the following. Hence, in the computation of
the homogenized tensor A*(z), the only interesting output for the n solutions w;(x, -)
is given by a symmetric matrix s of size n x n (somewhat similar to a compliance in
the terminology of mechanics). The entries (s;j)1<; j<n of the matrix s are given by

sij(x) = —fi(wi(x,-); x) Z/YA(x,y)Vwi(x,y)-ejd% (22)

But note that the RB approach still applies with non-symmetric tensors A(x,-)
modulo slight modifications'. In this frame, the purpose of the RB method is to
speed up the computation of a large number of solutions w;(z,-) € X of (21) for
many parameter values x € {2 while controlling the approximation error for the
output s.

2.3.2 Principle of the reduced-basis method

Most order reduction techniques, like the POD and RB methods among others,
suggest to solve the weak variational form of a PDE like (21) through a Galerkin
projection method, with a Hilbertian basis that is “adapted” to the solution subspace
M. Namely, a Hilbertian basis that is adapted to the equations (21) with x €
and 1 < i < n is an orthonormal family (§;)jen (orthonormal with respect to the
ambient inner product (-,-)y) such that:

e the ambient solution space X C span{&;, j € N} is separable,

e and that, for any “tolerable precision” (the nature of which remains to be
precised), there exists a finite N-dimensional subspace Xn = span{¢;,1 < j <
N} of X where, for any z in 2 and 1 < i < n, the Galerkin approximations
win(x,-) € Xn of w;(z,-) satisfying

a(win(x,-),v;z) = fi(viz) Yo € XN , (23)

are sufficiently close to w;(x,-) (that is, satisfy the constraint of “tolerable
precision”).

This amounts to compute approximations of the most interesting modes of a spectral
basis for the operator associated to the PDE from the viewpoint of applications
constrained to some “tolerable precision”.

For instance, one possible way of defining some “tolerable precision” is to control
the approximation error for w;(x,-) € X with the natural norm | - || of the cell

"When the tensor A(z,-) is not symmetric, a dual problem, adjoint to the problem (21), is
introduced. The dual problem can be solved similarly to the “primal” problem (21) with an RB
method, in a dual RB projection space. Last, the output should be rewritten like s plus an additional
term that accounts for the residual error due to the RB projection of the equation (21). This primal-
dual approach is more extensively described in [18] for instance.
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problem. Instead, the goal-oriented reduced-basis method rather proposes to control
the approximation error for some linear output like s? (yet note that this is not very
different from minimizing the approximation error with the natural norm in the
present case where A(z,-) is symmetric, as it will be made clearer in section 3.1).

More specifically, the RB method is based on the computation of a basis {£;,1 <
j < N} for a Galerkin projection space Xy C X that is “adapted” to the cell
problem (14) in the sense of the minimization of the output approximation error
inside a given initial training sample of many parameter values. The approximation
errors can be made explicit thanks to rigorous a posteriori estimates, which allow to
a posteriori certify the efficiency of the model order reduction inside a given range
of parameter values (the RB approximation errors are expected to decrease when
the size N of the Galerkin projection space increases). Moreover, the a posteriori
error estimation is also essential for an efficient construction of RB basis functions
in practice. Both interests of the a posteriori error estimation clearly appear in the
offline-online structure of the RB procedures.

2.3.3 Practice of the reduced-basis method

The RB method first computes a basis for Xy from a training subset M, of M,
Mp:{wz(xka)algkgpal SZSTL} )

induced by a discrete sample D = {z € Q2,1 < k < p} of parameter values dis-
tributed over the parameter space ). This is termed as the offiine stage.

To build such a “reduced” basis, an accurate and generic numerical method with
a large number N of degrees of freedom should actually be used in the offline stage.
Typically, some selected elements of M), are approximated through an FE method
in order to span Galerkin projection space X C M, until some tolerable precision
for the output approximation error is reached for £ > N. Then, not the whole
sample M, but only some selected elements should be accurately computed with
this generic numerical method (an FE method for instance).

At each step of the reduced basis construction, the large training sample M, is
approximated through RB projections, just as any RB approximation will be made
in the online stage. Such RB approximate solutions of the weak variational form of
the PDE belong to low-dimensional Galerkin projection spaces X% (k < N). Hence
the necessity for a reliable a posteriori control of the RB approximation errors at each
step. The a posteriori error estimation then makes it possible to select rigorously
representative elements of M, that is to build fast a reduced basis (§;)1<j<nxn, for
instance with the algorithm proposed in section 3.2.

After building a reduced basis for Xn such that the RB approximations for
the sample M, satisfy the precision constraint, the Galerkin projection method
is applied with any parameter value x € . This is the online stage, where the
reduced basis (fj)lgjgnx N spans a low-dimensional vector space Xy assumed to
be sufficiently close to the solution manifold M of the parametrized PDE (if the
sample M,, was representative enough). Accurate Galerkin approximation in Xy

2In general non-symmetric cases, the approximation error for linear outputs like s can be ex-
pressed as a product of two approximation errors, one for the parametrized solutions w;(z,-) and
another one for some dual quantity that is solution for the problem dual to (21). But here, because
of the symmetry and of the specific nature of the output, the so-called compliance in reference to
mechanics, the dual problem is unnecessary and the approximation error for the output can be
directly expressed as the square of the approximation error for the cell function.
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for the solution of the parametrized PDE at any parameter value x € £ can then be
computed fast, and the corresponding RB approximation error can also be controlled
fast through a simple a posteriori error estimation. An accurate approximation for
the solution with this parameter value x € Q is computed (and added to the reduced
basis) only if the a posteriori error is too large compared to the tolerable precision.

In the end, such a model order reduction is efficient if the tolerable precision
for the output approximation error is reached, for most = € 2 of the online stage,
with a N-dimensional reduced basis when N is much smaller than N, the number
of degrees of freedom necessary for a generic numerical method like the FE method
to reach the same precision.

3 Reduced-basis approach for the cell problem

3.1 Error bounds for the cell problem

An RB approach of the equation (21) needs to a posteriori estimate the approxima-
tion error of Galerkin solutions of the cell problem and the approximation error of
their output s. The purpose of this section is then to derive the error bound (31) for
the cell functions solutions of the equation (21). This allows to a posteriori estimate
the approximation error for Galerkin solutions of the cell problem, and their outputs
through the error bound (26).

To this end, let us introduce Galerkin approximations for the homogenized and
the output matrices with a Galerkin approximation w;x solution for (23):

Ay()y; = /Y Az y)les + Vywin(@,9)] - €5 dy, (24)

sS@ = |

and a linear operator 7% : ¥ — X so that, for any v € X and = € €,

:BH

(z,y)Vwin(z,y) - e;dy , (25)

(Tu,v)y = alu,v;z), Yv € X .

The existence of such an operator T% directly leans on the Riesz-Fréchet represen-
tation Theorem in the Hilbert space X.

Lemma 1 Let wi(z,-) and w;(z,-) be two cell functions, solutions of (21) for i #
j. Let win(z,-) and win(z,-) be two Galerkin approzimations of the former cell
functions in a N-dimensional vector space X n. win(x,-) and wjn(x,-) are solutions
for (23). Then, the approximation error | s;j(x) — sg(x) | for the output entries can
be superiorly bounded by:

By to) = L2002 ) = i DT ) = it Dl

i, (26)

Proof of lemma 1: For any 1 < ¢ < N and x € (), the Galerkin approximation
error

Jwi(z,-) —win (@, )l 2 (27)

can be bounded starting from the following equality,
a(wi(xa ) - wiN(x7 ')7 v; .CIZ‘) = fi(v; .’IJ) - G(’LUiN(.I', y)a v; l’), Vo e X, (28)

which is easily obtained by substraction of (23) from (21).
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Let us define the parametrized bilinear residual forms g; in X x X such that, for
all parameter values x € Q2 and 1 <1i¢ < n,

gi(u,v;x) = a(u,v;x) — fi(v;x),V(u,v) € X X X .

Then, equation (28) with v = w;(z, ) — w;n(z,-) allows to immediately derive the
following estimates through the dual norm of the residual linear form for w;(z,-)
defined in X

v — gi(win(z,"),v; ) .

First, owing to the coercivity of the bilinear form a, we obtain the lower bound:

aallwi(z,-) = win (@, )llx < llgi(win (@, ), v;2)[| 2, (29)

for the Galerkin approximation error.
Second, in view of the continuity of the bilinear form a, we obtain the superior
bound:

lgi(win (z, ), v32) |2 < 73 wilw, ) — win (@, )l x (30)
for the Galerkin approximation error.
Finally, note that it is possible to compute the dual norm of the linear form

v — gz<sz(‘r7 ')7 v; x) - —a(wi(a:, ) - wiN(x7 ')7 v; l‘)
using the Riesz-Fréchet representant 7% (w;(x,-) — w;n(z, -)) in the Hilbert space X,

1gi(win (, ), v; 2)[| xr = | T*(wi(z, ) — win (2, ) 2,

and that one can obtain numerical approximations for a4 and 721 (in this simple
case, using the spectral properties of the matrices resulting from the Galerkin pro-
jection of the bilinear form a in the large generic solution spaces of the offline stage
for instance). So, the Galerkin approximation error (27) can be a posteriori bounded
using estimations the (29) and (30).

For z € Q and 1 <i < N, we define a posteriori estimators Ay (w;(x,-)) for the
Galerkin approximation errors (27), using the previous superior bounds, by

Bty = lter) i) 30l (31)

The effectivities ny(w;(x,-)) corresponding to the estimators Ay (w;(x,-)),

D) = o ) — wn ) 32
satisfy the following N-independent inequalities,
—1
1< y(wi(e) < A (33)
oy}

which shows the stability of the error estimator Ay (w;(z,-)).

The a posteriori superior bound Ay (w;(z,-)) for the Galerkin approximation
error (27) will now allow us to derive a simple superior bound for output approxi-
mation errors. Indeed, we have for any 1 <4, < N and x € QQ,

| sij(x) —siy(z) | = | filwi(z,) —win(z,); ) |

= |a(w;(z,"),wi(z, ) —win(z,");7) |

= |a(wj(z,") —win(z,"), wi(z,") —win(z,); ) |
aaA N (wiz, ) An(wj(z,-))

IN
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since wj(x,-) and w;(z,-) are solutions for (21), and w;n(z,-) is solution for (23).
Hence the a posteriori superior bound Afj7 n () for Galerkin approximations of the
output s;;(z). ©

Numerical approximations for Af; y(z) will allow us to build fast a reduced
basis for cell problems (21), and to control the online RB approximations. Note
that A y(z) scales as the product Ay(w;(z, ))An(w;(z,")), hence the interest of
model order reduction techniques for solutions w;(z, -) without much loss of precision
for output s(x).

Remark 2 Note that for the output error bounds to scale like the square of the error
bound for the cell functions, it has been essential to have the following orthogonality
property for any x € €,

That is why we have chosen to build only one RB projection space Xy, spanned by
all the parametrized cell functions w;(xg,y) when 1 < i < n and x}, € D. Yet, note
that without this choice, the same scaling can still be obtained with n distinct RB
projection spaces (Xin)i<i<n for each of the n solution subspaces M, provided one
slightly modifies the definition of the output. Namely, another output matriz o and
its RB approzimation o should then be defined, starting from s and s, by adding
a residual error. Their entries read, for 1 <i,j <n,

0ij(w) = = fi(wi(z, );2) + gi(wi(z, ), wj(z, -); ) (34)
o (x) = —fi(win (z,); ) + gi(win (z, ), win (x,); ) (35)

where o = s because the tensor A(x,-) is symmetric, and o™ = s only when the RB
projection space is the same for all solution subspaces M; (as above). Interestingly,
the same additional residual term in the output o also arises when the tensor A(x,-)
is mot symmetric. It is then evaluated with dual cell functions, solutions for a
problem dual to the cell problems (21) [18].

3.2 The reduced-basis construction

Let us choose a sample D = {zj,1 < k < p} of p values for the parameter z in .
Unless some physical properties of the system guides the choice for D, the parameter
values xj, should be p realizations of a random variable uniformly distributed over
). To accurately solve equation (21) for each parameter value xp, we choose an
FE method with a N-dimensional FE vector space. Typically, N is very large, in
order for the FE approximations to be accurate. The (n x p) FE approximations
(win (g, ))zk for (w;(zp, ))zk span an (n X p)-dimensional vector subspace of X
that contains the approximation

Mﬁ/— - {wzj\f(xkvy)7$k € D}

of the solution subspace M.

In the offline stage of the RB approach, we would like to build a N-dimensional
RB projection subspace Xn C X so that elements of ./\/lév , and more generally
elements of M, can be closely approximated in X. The vector space Xy is to be
spanned by a reduced basis (£;)1<j<n made of N vectors of ./\/lﬁ[, with N < nxp and
N < N (for the model order reduction to allow a significant gain of computation

time).
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Then, in the online stage, for any = € Q, w;(z,y) is to be approximated, using
the RB method, by some vector w;n(z,y) in the Galerkin projection space Xn of
size N that writes

sz z y E sz]

The reduced basis (§;(y)),<;<y of Xn is built in order to best control the ap-
proximation error for outputs through the a posteriori error bounds derived above.
This is performed in the offline stage with the following algorithm:

Algorithm 2 (Offline algorithm) We build a reduced basis (§;(y)),<;<n as fol-
lows: o

1. for some couple (k°(1),i°(1)), 1 < k°(1) < p and 1 < i°(1) < n, we compute
the accurate FE approzimation woyn (Tro(1y,y) for wioy(Tro(), y), element
of/\/l?[ {win (g, y),2x € D, 1 < i <n},

S owesetL=1 and QW) = Con, )

the first RB basis function,

3. then, while | < N:

(a) we compute for every x € D and 1 < i < n the (nxp) RB approzimations
wi(zg,y) € X =span{;,1 < j <1} for the n cell problems (23),

A (@)
b) for (K°(1+1),i%1+1)) = argmax _ e
®) ( ( Ml )) 1<k<p1<i<n |wi(@k, )| 2
curate FE approzimation wio 1) (Tro41):Y) of Wioy1)(Tro41),y), el-
ement of MY = {win (. y), 2, € D1 < i < n},

_ Ria(y)
(c) we set &41(y) = TR

is the remainder of the projection on the l-dimensional reduced basis,

, we compute the ac-

the (14 1) RB basis function, where R;1

!
Riy1(y) = wiogrn)(@rogany, ¥) — > (Wi (@hoas1), ) k) e (v),
pt

(d) we dol =141 and go back to (a).

3.3 Convergence of the reduced-basis method for the cell problem

The a priori convergence of Galerkin approximations for solutions of continuous
and coercive elliptic equations like (21) is classical. It usually relies on the following
lemma (see e.g. [19] for a proof).

Lemma 2 (Céa Lemma) For any 1 < i < n, let w; be the solution of (21) and
w; N its approzimation in some N -dimensional Galerkin projection space Xy C X .
Then we have, for any x € €,

—1

v .
lwi(z,y) — win (2, y)l|x < /= inf Jlwi(z,y) — wy)] .

A w(y)exn

To conclude that RB approximations like w;n € Xn a priori converge to w; € X
when N — o0, it would then be natural to use Lemma 2 as follows:



16 Reduced-Basis for homogenization

Lemma 3 If there exists a dense separable subspace V of M and an application
ry : V — Xn such that

lim [|[v—ry(v)|[|x =0,YveV, (36)
N—o0

then, by Céa Lemma, for any x € Q and 1 < i < n, RB approximations w;n(x, ")
converge to w;i(x,-) in the following sense

Jim wi(z,y) — win (2, y)l|x - (37)
—00

That is, for all € > 0, there exists a positive integer N(€) such that, Yz € Q and
1<i<N,
[wiz, ) —win(z,-)|[x < €YN = Ne) . (38)

in combination with the choice ¥V = M, and ry as the projection operator from M
to X for the inner product in X.

Unfortunately, the convergence assumed in (36) can only be shown insofar as we
have information about the sampling technique for generating D, which amounts to
knowing how the parameter values are selected to build Xy as N increases. Such an
assumption is often unrealistic since, to choose the right parameter values xj for D,
one should already know M or some spectral representation of it [16]. So the scope
of Lemma 3 seems strongly limited, as any a priori analysis of the RB method in
general.

As a matter fact, the RB method is a practical method of order reduction and
should only be a posteriori certified to converge, using reliable and computationally
unexpensive error bounds that can be evaluated along the RB approximations for
instance.

Remark 3 Note that, in practice, the Galerkin projection space Xn is built to con-
verge to the solution subspace My = {win(z,y),x € Q} induced by the FE ap-
proximations win(x,y). Now, the FE approximations converge only pointwise in
parameter space. That is, for some given parameter x € , and 1 < i < n, there
exists for all € > 0 a positive integer Ni(e,x) such that

lwi(z,y) —win(@,y)||x < €, YN = Ni(e,z) .
So, in any case, one can only hope for a pointwise in Q0 convergence of the form

lim lim ||wi(z,-) — win(x, )|y =0, (39)

N—oo N —oo

where w;n (z,-) implicitly depends on N .

3.4 Error estimate for the asymptotic ' homogenized solution

In the frame of the two-scale homogenization strategy, the asymptotic H' homoge-
nized approximation for u*(z) in the limit € — 0 is

up(x) + € up (w, %) =u*(z) +¢€ Z wj (ac, %) Oiu*(z) ,

1<i<n

which strongly converges to u(x) in H%D(Q) when € — 0 if u* € W2°(Q).
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In this approximation, the homogenized solution u* is the solution to the varia-
tional formulation (40) of the homogenized equation (8)

/A*Vu*-Vv:/fv%—/ v,VvGH%D(Q). (40)
Q Q Ty

But in practice, one can only compute an RB approximation /:lj‘v for f:l*, with

entries
(@), = ([ Awa) s,
2y Y i.j

which should be taken into account to estimate the approximation error for the
asymptotic H' homogenized approximation. The following Lemma 4 will show how
the a posteriori control of the RB output allows to control the approximation error
for the asymptotic H' homogenized approximation with an RB approach.

Let us then define an approximation for the asymptotic H' homogenized ap-
proximation,

x
ui(@) +e 3w (7)o (@) |
1<i<n

where w;y is the RB approximation for w; as defined by (23), and u}; is an approx-
imation for u* that is solution in W}, for the discrete variational problem

/ ANVl - Vo = / fv—i—/ v,Yo e Wy, (41)
Q Q I'n

with Wy, =~ C H%D(Q) a discrete FE Galerkin projection space associated with a
mesh of size Ao for . We have the following result.

Lemma 4 Assume that I'p is a measurable subset of 0Q with a positive (n — 1)—
dimensional measure (when n > 1) so that a Poincaré inequality holds for elements
of the Sobolev space HllD Q) ={ve HY(Q),v |r,= 0}.

If the approximations win(z,-) converge to w;(z,-) for all parameter values x in
Q in the sense

li ; — w; =0 42
Nim max {eissgp [wi(, ) wuv(x,y)llx} ) (42)
then the asymptotic L? homogenized approximation uy converges to u*, and so does
the approzimation for the asymptotic H' homogenized approzimation of u¢. That
18, we have the two results

il () = 3 (@) 130y = O

and

lim lim (|u*(z) — uy(x) + € Z (wi (az, %) Oiu*(x) — win (1:, %) 8Zu}‘\7(3:)) =0

N—o00 €e—0 |52
=sn HY(Q)
where the two successive limits cannot be inverted.

Remark 4 As explained in section 3.3, the assumption (42) can barely be satisfied
a priori. But in practice, the error bounds derived in the a posteriori analysis of
section 3.1 allow to check this assumption. The numerical results of Section 4 even
show that the convergence with respect to N in (42) is exponential.
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Proof of Lemma 4: To show this result, let us define two quantities,
By = (@) — uiy(2)

and
E;u*(@ = Vo (u* —uy)(z) + ZE:; (Vywi (x, %) Oiu*(x) — Vywin (ZU, %) 32“7\7@«")) .

The approximation errors for the asymptotic L? and H' homogenized approxi-
mation of u(x) now respectively write

* * _ u*(z)
o (@) = (@)l 20y = [|EX

u*(z) —un(z) + € Z (wi (a:, %) Oiu*(x) —win (:z:, %) @u?\[(m‘))

1<i<n

- H(Q)
= \/HE]“V*(”C) T |ev @ i 0 (e) .
L2(Q) L2(Q)  e—0
Thus, the proof consists of the two successive results
RN L PN )
and
it 2, = =

First, let us begin with properties of the homogenized tensor. On account of
definition (15), A*(z) is a positive definite and continuous matrix.
Indeed, for any = € Q, A*(x) is positive definite

2

0<agu-u<ay u~u—|—/ dy Sfl*(a:)u-u,VueR”
Y

3 wlVywia,y)

since wj(x, -) is periodic.
And there exists a positive constant 4*(z) such that v*(x) is a continuity bound
for A*(x)

2

le*(x)u-ugfygl u-u+/ <y (z)u - u,Vu € R"
Y

Z g [vywz (z, y)]
1=1

since the bilinear form in R™ x R"

n

(uﬁv)ﬁ/i/v(;ul[vywl(may)]) Z,Uj[vywj($ay)] dy

J=1

is clearly continuous.
Moreover, we have uniform continuity because () is bounded. That is, there
exists a real number y4+ > 0 such that, for any x in Q, v*(z) < y4+.
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Second, u* € Wy, —and uy € Wy, satisfy the variational formulations (40)
and (41). We then have the following equality

/A*Vu Vv—/fv—i—/ v—/ ?VVu}‘V-VU,VUEWhhom
'y

that we rewrite with v = (u* — u})
/ BV — ) Vit —uly) = / (B — AVl - V(U — ) -
Q Q

Because of the coercivity of j*(ac), we finally have the inequality
aal|V(u* = up) 2y < 14N = Aol VU llz2 (o)
Moreover, the Poincaré inequality for u* — uy, in H%D(Q) writes as follows,
[u* —ui 2 < PIV(u* —uy) L2

with a certain constant P which only depends on 2. We have established an error
estimate for ||EY 220

Next, since A¢(z) is a positive definite matrix for any z in €, we deduce the
following inequality

w* = Vu x Vu T

In the limit € — 0, on account of the periodicity of /zl(m, -) and Vyw;n(z,-), the
previous inequality rewrites

lim HEX“

e—0

// L @+waaw@mw>

Qxy
2
—@+vwmmmmwuﬂ@m.

Last, the definition (15) of the homogenized tensor A* allows to rewrite the
expression

- n 2
/YA(% Y) [Z(ei + Vywi(z,y))0iu*(z) — Vy(e; + win(z,y))duy (2)| dy
i=1
and we finally get the following error estimate

lim HE]Y[“

e—0

2 A A* — A%
< [ —V(u* —uy) - V(u* —uj —i—/NVu Vuy ,
ey S | AV )V — i) + [ v vy

the superior bound of which is itself superiorly bounded by
VA Lige_ 7
a”v(m —u)I720) + aHA* — AN [loo VUi 1720

In the end, we have the following error estimates

. u 1 Tx Tx YA A* Ax *
E%HVLW_—UA—MMJ+WM—NMWW%@ (45)
. uw* P Tx A% * 12
lg%H @) H N 20 < aHA — ANllolVuy |72y - (46)
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They show that the asymptotic homogenized approximations converge if the
approximate homogenized tensor f_l converges to A*.

Now, recall that the homogenized tensor A% converges to A* if the approxima-
tions w;n (x,-) converge to the cell functions wz( -) since we have already obtained
the following error estimate

e Tx _ B N
[A* — ANl poe()nxn = 127?271{6?531)'5”@ si; (@) [}

2
< 7A max {GSSSllpri(l',y)_wiN(xay)HX}
1<i<n || zeq

to derive error bounds for the output s. This concludes the proof of Lemma 4. <

3.5 Practical influence of the parametrization

This section is devoted to the pre-processing used by the RB method in order to
fast assemble the FE and RB matrices corresponding to the projections of the vari-
ational formulation (21) of the cell problem on the discrete FE and RB Galerkin
approximation spaces. -

Indeed, for a given family A(x,y) of tensors and a given range ) for parameter
x values, the solution subspace M for cell problems (21) is completely determined
and fixed. Then, from the theoretical point of view, the way functions w in M
explicitly depend on some parameter x € (), which we call the parametrization,
should not influence the efficiency of the RB method as a model order reduction
technique, however it induces the solution subspace M. But in practice, the explicit
parametrization of M can significantly account for the efficiency of the RB method,
because it greatly influences the practical assembling of the matrix and vectors in
the Galerkin projection method.

Only piecewise-affine parametrizations (according to the terminology explained
hereafter) are treated in this work, which allows for a fast, very accurate and simple
pre-processing of the FE and RB matrices. But the RB method also adapts to other
types of parametrizations (we refer to [7] for more elaborate results in non-affine
cases, based on the extrapolation method introduced in [3, 12] for instance).

In the case of an affine parametrization, the assembling of the matrix and vectors
corresponding to the Galerkin projection of cell problems is always fast and easy.
By affine parametrization of the cell problems, we mean that A(z,-) depends on the
parametrization in an affine manner as follows: for any x € (Q,

Az, y) )+ Z 0(z)A,(y),Vy €Y (47)

where:

- the matrix /zlo(y) defines a parameter-independent continuous and coercive bilinear
form in X x X,

ao(us,v) = /Y Ao(y)Vuly) - Voly)dy, ¥(u,v) € X x X

- the functions ©7 : ) — R are parameter-dependent coefficient functions and



S. Boyaval 21

- the matrices /zlq(y) define parameter-independent continuous bilinear forms in
XXX,

ou(.0) = [ Ay5)Vuly) - Vol)dy. Y(uv) € X x x

With such affine parametrizations, the numerical RB treatment of cell problems
is straightforward. Let us detail its implementation.

We follow the offline algorithm presented in the section 3.2. At each step of the
offline stage, a cell problem (14) for some parameter value in D = {zp,1 < k <
p} is to be explicitly solved in order to build the reduced basis (fj(y))1<j< y for
span{w(z,y),z € D}. For this, an FE method is used that consists of accurately
solving the variational formulation (21) with conforming P; Lagrange finite elements
and a fine mesh for Y. That is, the solution space X is discretized into the vector
space of continuous, piecewise linear functions. Let 7y be a conformal mesh for the
n-torus Y = [0,1]" made of N, elements (X;)1<k<n;, of size hy. We write ¢, the
FE basis functions associated with the N nodes y; in Y. Now, for 0 < ¢ < Z, we
define the FE matrices M, € RNV with entries

(Mq)i]‘ = ar(¢s, ij)
for any 1 < 4,5 <N, and n FE vectors Fy,; € RV (1 <1 < n) with entries, for any
1<i<WN,
(Pra), = [ Avwer- Vy60)dy

Then, for any x in D, 1 < i < n, we easily compute the FE approximate solutions

sz(x y €EXN = szNk

for the cell problem (21), that satisfies

z
My + Z O (x) My | win(x,y1) <Fo i+ Z 09(x ) (48)
q=1

l

at each node y;, 1 < 1 < N. The FE problem (48) can then be fast and very
accurately assembled through linear combinations of the matrices (Mg)o<4<z and
vectors (Fy;)o<k<z, 1 <1 <mn, that are to be kept into memory.

Then, in the online stage, we would like to treat fast cell problems (21) for any
parameter value x € 2. Let us project the FE matrices and vectors on the RB space

XnXNv REB
MY =¢ME0<q<Z

and
FfP =¢'F0<q< Z,

with £ the N x (nN) matrix with columns &, 1 < k < nx N. The RB approximation
win(z,y) = Zgzl wink(x)€k(y) for cell function w(z,y) is solution of the linear
system

M§B+Z®q MRB win (z,yp) (FRB—l—Z@q FRB> , (49)
q=1 l
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that is fast assembled through linear combinations in the present affine case. And,
for 1 < 14,5 < n, the outputs are easily given by

nN Z
sij(r) = Z F(ﬁB + Z @q(x)FﬁB wini ().
q=1

=1 I

So, affine parametrization obviously allows for a fast assembling of the RB matrix
and vectors in (49). It can be considered as an ideal frame for an efficient RB
method, because the CPU time for the online solution of one cell problem (49)
actually scales like the CPU time for solving a linear system of size N, and because
the offline stage is actually very short in comparison with a direct FE computation
of a large number of cell functions. The possibility of a similar gain of computation
time is not as obvious in the case of non-affine parametrizations, when (47) is not
valid anymore. Then, the assembling of matrices and vectors needs more elaborate
techniques [3, 12]. Yet, until now, it has been possible to develop an efficient RB
approach in quite a few situations, as shown in [7].

We finally treat the case of piecewise affine parametrizations that can be re-
casted into the class of affine parametrizations. The pre-processing that we propose
in this case lies on the fact that, in practice, the RB approximations are numerical
approximations for FE approximations, and not for the “true” cell functions. Then,
to apply the RB method to the parametrized FE approximations, it is possible to
consider a “global” parametrization made of a parameter for the oscillating coeffi-
cients and of another parameter for the FE method (for instance, the geometrical
features of the mesh). -

We deal with oscillating coefficients A(x,-) parametrized in a piecewise affine
manner as follows:

for each = € Q, the cell Y can be partitioned into d non-overlapping Yj(x) open
subsets (d € N* should be fixed) such that Y C UZ:I Yy (),

there exist d non-overlapping reference open subsets Yk0 such that Y C Uzzl YTS,

for each z € Q, there exist d affine homeomorphisms, ®x(z,-) : Y2 — Yi(x),
1<k<d,

- and for every 1 < k < d, the family of functions (A(:c, O(x, ))) o restricted to
ze
Y can be parametrized in an affine manner as defined in (47) by
- Z

Az, ®(z,y)) = Ao(y) + Y 0%(x)Agy), vy € Y . (50)
q=1

The function ®(z, ), defined almost everywhere in Y by
O(z,y) = Pr(z,y),Vy € Yy, 1 <k < d,

maps a “reference” cell onto the cell with parameter value x. After the mapping,
the family of cell problems defined with these piecewise affine oscillating coefficients
can then be treated as if the parametrization was affine like in (47), provided one
take into account the stretching of the domain at each parameter value x.
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For this, we define 2(Z + 1) tensors of rank 3, <]\E4k> and ( Ek> |
1<k<Z+1 1<k<Z+1
by:
- : N N _
- ZZ ( by AW)Vyeily) Vy¢j(y)dy> e ®e; ® ey, (51)
=1 =1 j=1 !

. M NN )

k= Z Z (/2 Ax(y)e; - Vy¢j(y)dy> aRe®e; . (52)
=1 i=1 j=1 !

An accurate pre-processing in the piecewise affine cases is then possible that assem-
bles fast P;-FE matrices, and corresponding RB matrices, by adding a mapping step
to the linear combinations of the affine cases. Namely, with the family of vectors
(V(x))x cq that accounts for the stretching of the mesh elements,

Ni
V(z)=> det((Vyd(z,y))ls,) Yz €Q,
=1

we easily get the FE matrix for any parameter value = in ) through the formula

and so on for the RB matrix. Note also that the reduced basis should then be
orthonormalized at each parameter value z in €2, because the inner product matrix
also changes for each z.

4 Numerical results

We now show numerical results for the RB approximation of a seemingly non-affine
two-dimensional problem that is brought back to the affine setting after mapping of
the cell Y. We do not show the RB treatment with magic points of more general
piecewise continuous parametrizations in this work, but elementary results for one
dimensional problems can be found in [7]. The two-dimensional problem is chosen
here to show the efficiency of the RB method in a classical situation for the ho-
mogenization theory. To fix ideas, it consists of homogenizing the conductivity of a
heterogeneous composite material in a domain €2, where a two-dimensional matrix
is full of inclusions with varying positions and conductivity properties.

4.1 Definition of the problem

For n =2 and f = 0, we supply the problem (1) with the mixed boundary conditions

u(lyze) = 0 = u(zy,1)
BC = = 53
( ) { ANV us - ’fl’(o’z2) = 41 = AVuc- ﬁ|(z1,0) ( )
We define at each point x € Q a single rectangular inclusion Q(z) C Y in the
cell Y = [0, 1%, Q(z) = {(y1,92)|0 < bi(2) < yi < ci(2) < 1,0 = 1,2} (Fig.1). We
also write I5 the second-order identity tensor and 1q(x) the Q(z)-test function, such
that, for every y € Y, 1q(x)(y) is one if y € Q(x) and zero otherwise.
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Y2 Y2
1 1 1 1
0.75-| - |
cCr'r—_r1°- -0
o (x,-)
Qo Q(x)
b N N
025 - | o I
0 ‘ 0

0 025 075 1 0b o 1y

Figure 1: For each parameter value z, the cell with inclusion Q(x) (on the right) is
mapped through the piecewise affine homoemorphism ®(x,-) from a reference cell
with inclusion Qg (on the left).

For all x € (, the oscillating coefficients Af(z) = I
periodic with a Y-periodic function A (z,y) = 0()1qx)(y
and outside of the inclusion Q(z).

—1—_/:11(30,6*1.@) are locally
)1, that is constant inside

We want to homogenize the problem (1) associated with oscillating coefficients
parametrized by the multiparameter (b1, cy,ba, c2,0)(x), that is function of z € Q
and takes value in [.25—9;.25+6]2 x [.75—6; .75+ 9] x [-6°; 0], where § €]0; .25[ and
6° €]0; 1[. For the FE matrices to be easily assembled, we define a “reference” cell
problem with a centered inclusion Qg = [0.25;0.75]? (Fig.1). Then, at each point
x € Q, the inclusion Q(z) can be mapped on Q) as explained in section 3.5.

4.2 Offline computations

Maximal log residual norm in the initial parametrized sample w,(X) wrt N Log max relative a posteriori error for w,; and w, wrtN

L L L L L L L L L 7 L L L L L L L L L
0 5 10 15 20 25 30 35 40 45 50 0 5 10 15 20 25 30 35 40 45 50
Size N of the reduced basis Size N of the reduced basis

A A .
Figure 2: Maximal relative error bound = max M for the RB approx-
1<i<2axeD |wi(zk, )|l x
imations w;n (xg, ) of the initial sample used for the RB construction (left picture),
and for the RB approximations w;ny (zx, -) of a test sample z; € A (right picture), in

log-scale with respect to the size N of the growing reduced basis.

A FE approach is developped for mapped cell problems in Y with the “reference”
inclusion Q9. More precisely, we use classical P; simplicial Lagrange finite elements
on a quadrangular, uniform and affine FE mesh, divided in isosceles triangles with
base along direction yo = —y; and size hy in each direction e; and es. The mesh
is fixed and adapted to the “reference” domain in the sense that the boundaries of
the inclusion @)y are multiples of hy.
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Log max sH1 relative error for w, and w, wrt N Log max relative error for 3, wrt N

0 5 10 15 20 25 30 35 40 45 50 o 5 10 15 20 25 30 35 40 45 50
Size N of the reduced basis Size N of the reduced basis

lwi(2k, ) — win (zk, )| x

Figure 3: Maximal relative errors = max (left picture)
1<i<2,z,€A |lwi (2, )| 2
N
Sii\Zk) — S\ Zk
and  max [51() = 53, ()] (right picture) in log-scale with respect to N for
1<i,j<2,z,€A |sij(2n)]

a random test sample A of parameter values in €.

We choose a random initial sample D of parameter values that is uniformly
distributed over the multiparameter range. A reduced basis is then built for any
parameter point x after mapping with ®(z,-) the solutions w;(zx, ®(zk,y)) selected
by the offline algorithm of section 3.2 for an initial sample D of p = 50 parameter
values. Numerical results are shown forh § = .1, §° = .99 and hy = .1 in Figures 2
and 3. Note that we let the contrast between the coeflicients inside and outside the
inclusions grow up to 1/100.

The relative a posteriori error bounds for the RB approximations at the param-
eter values of the initial sample are computed at each step of the offline algorithm.
The maximal error bound in this initial sample decreases exponentially with the
size N of the reduced basis (Fig. 2). The effectivity of the a posteriori estimation
is checked all along the RB construction (we found ny(w;(z,-)) €]1.4;3.5[ for all
1<k <pand1l <i<n in the numerical experiment corresponding to Fig. 2).
Note that the offline algorithm selects (almost always alternatively) cell functions
for the both cell problems, in direction e; and es. Then, for N = 2, one cell function
per direction only spans the reduced-basis, which strongly amplifies the RB approxi-
mation errors for the cell problem corresponding to the second direction represented
in the reduced basis.

The reduced basis is then tested for another sample A = {z,1 < k < p} of
parameter values in 2. The maximal a posteriori error in this test sample still
decreases very fast (exponentially with the size N of the reduced basis), but the
rate of decrease is slightly smaller than that of the initial sample used for the RB
construction (Fig. 2). This shows that the initial sample D was not an optimal
choice to compute a reduced basis for any = € €, yet it still allows for efficient
Galerkin approximations with any test sample A close to the range of the training
sample.

Besides, the output approximation error for this test sample scales as the square
of the approximation error for cell functions (see Fig. 3, obtained in the same
numerical experiment than Fig. 2). That is, the RB approximations are all the
more efficient for the outputs, and the approximation errors scale like the error
bounds derived in section 3.1. The effectivities of the error bounds of section 3.1 are
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indeed hardly bigger than one (we found ny(w;(z,)) €]1.3;3.9[, for all 1 < k < p
and 1 < i < n, in the numerical experiment corresponding to Fig. 3)3.

4.3 Online computations

ratio | (p=50) | Offline | (Mem =3) RB for A% FE for A%,
N/N hy algorithm € (online) (direct)
1/5 | 171 17s 2E~2 443 ="Ts 27 s
1/5 1E-1 15 s 2E3 4104330 = 740 s 3100 s
1/20 | 5E2 42 s 26?2 16+10 = 26 s 520 s
1/20 | 5E72 53 s 263 1600+1000 = 2600 s | 37000 s

Table 1: CPU time (in seconds) needed by a Matlab code with an Intel Pentium
IV processor (3.0 GHz/1 Go) to approximate the FE matrix for the homogenized
problem either with a direct FE approach or with an RB method. In the RB
approach, one has to take into account the RB construction (offline algorithm with
a sample of p parameter values), the online RB computation of one homogenized
solution plus the online a posteriori estimation error (hence the two terms, RB
solution + estimation, in the RB online column).

(Prem = 3 [ Jlus —wllpe | lludr —willr | (Ve [I1Vy(wiv — win)llz2 |
(theory) < Cie < Cay/e

hy =1E7 1| (e =2.0E7?) 1.2E~% (Ve=14E71) 2.9E72

hy = 1E71 || (e = 2.0E73) 4.7E73 (Ve =45E72?) 1.0E~2

hy =5E72| (e =2.0E7?) 3.1E73 (Ve=14E71) 8.6E~°

hy =5E72| (e =2.0E73) 1.1E3 (Ve =45E7?) 3.0E72

Table 2: Theoretical correction error for the homogenized solution, and RB numeri-
cal approximation error for the homogenized solution when 6 = .2, 8% = .99, p = 50
and N = 20.

After building a reduced basis with the greedy algorithm from the previous FE
approximations, we use the RB method to compute online RB approximations for
cell functions as linear combinations of the RB basis functions. For this online
stage, we develop an FE method for the homogenized problem (8) and use classical
P; simplicial Lagrange finite elements on a quadrangular, uniform and affine FE
mesh divided in isosceles triangles with base along direction zo = —z; and size hpom
in each direction e; and es.

The RB computations are performed in the step of the numerical homogenization
strategy where the values of the homogenized coefficients are collected, as outputs
of the cell functions, at some quadrature points in ) that are necessary for the
computations of the entries of the FE matrix in the homogenized problem (8). The
CPU time needed for computing these outputs is compared between the RB and FE
methods (Tab. 1), where the RB method includes an online a posteriori estimation
of its approximate solution.

In calculations of Table 1, the RB method has been applied with a reduced basis
of size N = 20 initially trained with a parameter sample D of size p = 50. The

3Note that the maximal relative a posteriori error bound and the maximal error in Figures 2
and 3 are not obtained for the same parameter value zx, hence the discrepancy between their ratio
and the effectivity nn (w;(zk,-)) we measured.
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main result of Table 1 is that the ratio of the RB computation time on the FE
computation time scales like N/N, the ratio of the numbers of degrees of liberty in
the RB and (direct) FE methods.

So we can distinguish between two main regimes. The less favourable regime
is the case of large ratios N/AN, which corresponds to cases where one need only
small precision for the homogenized solution and its correction (11) (large hy).
Then, the RB method is likely to be faster, but only slightly faster, than a direct
FE method. So it is likely to be an interesting approach in the frame of many
queries of the homogenized solutions only, when the computation time spent by
the offline algorithm is not even an issue. It is then possible to enlarge the initial
parameter sample D (take a larger p), which increases the computation time spent
by the offline algorithm in the RB construction, but improves the quality of the RB
approximations.

On the contrary, the favourable regime corresponds to small ratios N/N, where
the correction is sought very accurate (small hy). Indeed, it can sometimes be
useful to increase N. In our numerical example for instance, taking N' = 400
(hy = 5E72) instead of N = 100 (hy = 1E~1) allows to improve the accuracy of the
homogenized coefficients from the third digit, and the accuracy of the homogenized
solution from the second digit (in accordance with the error estimate (45)). Then,
in this regime where accurate homogenized results are wanted, the numerical results
for the RB approximations of the cell functions show that there is an important gain
of computation time, while there is no significant loss of numerical precision (Tab.
2).

5 Conclusion and perspectives

We have shown in the present work that, for a prototypical class of parametrized cell
problems (with piecewise affine oscillating coefficients), the reduced-basis approach
applies and significantly reduces the time needed to compute a large number of
parametrized cell problems in homogenization, in comparison with an FE method.

But many interesting questions concerning the extension of the RB approach in
homogenization remain, mainly linked to the treatment of a larger class of parametrized
cell problems: in particular, other geometries for more realistic cell problems should
now be addressed, as other boundary conditions for the cell problems (including the
treatment of oversampling techniques), and less regular oscillating coefficients (with
many inclusions in varying amount). Also, the same questions as those examined
in the present work for scalar elliptic equations could be asked for the Stokes-Darcy
equations in porous media, or for the equations of linear elasticity in two- and three-
dimensional contexts. Further developments of the RB methodology are then needed
that may lead to interesting (fast) approaches in homogenization. Since a major is-
sue in homogenization is the limitation of the time computation, speeding up the
homogenization procedures could inevitably bring new possibilities of refinements
(perhaps like reiterating, for each parameter value, many succesive oversamplings
of the same cell problem on smaller and smaller domains, in order to improve the
accuracy of the corrector term in the bulk of the cell).

In any case, we believe that our result is interesting in the frame of many of
the commonly used homogenization strategies, namely all those that ask for solving
a computationally demanding number of parametrized cell problems. This is true
provided the type of the parametrization can be handled with our RB approach.
Among those homogenization strategies, the two-scale homogenization strategy is
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well known and much used in practice. That is why we have chosen this frame for
our numerical experiments. But other homogenization strategies, which are used for
non-locally-periodic oscillating coefficients, can also be treated with an RB approach.

For example, stochastic homogenization also asks for solving a large number
of parametrized cell problems in the frame of local approximations of the homog-
enized tensor [6]. The homogenization of locally deformed oscillating coefficients,
A¢(z) = A(®, (e 1z)) with @ a diffeomorphism, in the frame of deterministic ho-
mogenization [8] or of stochastic homogenization [5], A¢(z) = A(®,;!(e 1z, w)) with
w an element of a probability space, by nature, also demand for solving parametrized
cell problems.

More general cases, often computationally demanding, also rely on the compu-
tation of a large number of cell problems, and offer a frame for an application of
the RB approach. Among those homogenization strategies, the heterogeneous mul-
tiscale method (HMM), that averages over a large number of cell problems, could
directly make use of our RB approach when cell problems are correctly parametrized.
Another one, the multiscale finite-element method (MsFEM), also averages over nu-
merous cell problems. Yet, the range of geometries for those cell problems is often
larger, and it is still not obvious that model order reduction techniques may speed
up the MsFEM computations.

Although we have not tested all the above mentioned possible improvement, we
believe that our work is likely to improve a large number of existing homogenization
strategies. Definite conclusions on the validity of our approach in such settings will
hopefully be obtained soon.
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