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Abstract. We present a inverse problem procedure for the efficient calculation

of approximations to the parametric “uncertainty region.” The uncertainty region

is the compact set of all parameter values consistent with interval (experimental)

output measurements; we provide a series of approximate uncertainty regions from

less rigorous and very fast — for initial design — to fully rigorous and less fast — for

final confirmation. The dependence of the uncertainty region on the magnitude of the

experimental error distinguishes identifiable and non-identifiable inverse problems; for

the former, our approach can further provide quantitative and sharp prediction of the

unknown parameter value, the associated (experimentally and numerically induced)

uncertainty, and the sensitivity to measurement protocol. The method depends

critically on a Reduced Basis (RB) output bound evaluator for the forward problem:

the RB output prediction provides the very fast response needed (to effect the many

queries required) to construct the approximate uncertainty region; the RB output

bound ensures that we control (optimize) and rigorously incorporate the numerical

error in our inverse analysis. We develop the technique for (parametrically coercive)

linear parabolic partial differential equations such as the transient heat conduction

equation; as an example, we consider detection and characterization of de-lamination

cracks in Fiber-Reinforced Polymer surface treatment of concrete structures.



An “uncertainty region” reduced basis approach 2

Submitted to: Inverse Problems

1. Introduction

Engineering analyses often requires the prediction of partial differential equation (PDE)

outputs — related to temperatures, flowrates, or heat fluxes — as functions of an input

parameter vector — related to geometry, physical properties, boundary conditions, or

loads. These outputs are typically expressed as functionals of field variables such as

temperature, displacement, or velocity associated with the parametrized PDE which

describes the underlying physics. The forward problem consists of evaluating the

outputs for any given input parameter vector, which in turn necessitates solution of

the underlying PDE. In contrast, the parameter estimation/inverse problem consists of

estimating the input parameter vector from experimental measurements of the outputs,

which typically necessitates many realizations of the forward problem.

There are a variety of approaches to inverse problems and uncertainty quantification

more generally. The regularization approach [9, 29, 30, 31] is widely used to address ill-

posed problems that arise due to insufficient and noisy data. We refer to [30, 31] for

fundamentals of the Tikhonov regularization method and [2] (and references therein)

for alternative regularization techniques. It should be noted that most regularization

methods find only one solution corresponding to given specific data, and hence do

not quantify the implications of uncertainty on the parameter prediction. Bayesian

statistical methods [7, 10, 21, 36] and Monte Carlo simulation [20, 16] provide for robust

and systematic analysis of inverse problems. However, the methods can not readily

address problems of uncertainty analysis in which the probability distributions of the

measurements are not known and can not easily be subjectively/plausibly proposed.

Both regularization and Bayesian techniques are often applied to PDE parameter

estimation problems.

For PDE parameter estimation problems, classical discretization methods such as

the finite element, finite volume, and finite difference methods can be too expensive
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for many applications, in particular real-time applications. In some cases in which the

parameters do not appears in the operator, real-time approaches can be developed;

for example, a real-time estimation technique for (ill-posed) inverse heat conduction

problems is discussed in [1, 3]. However, in most cases, these techniques can not

readily treat problems in which the differential operator is parameter-dependent, and

hence for which (say) the relevant singular value decomposition can not be readily pre-

computed. Our emphasis is precisely in extending real-time approaches to cases in which

the parameters enter into the PDE operator.

Towards that end, Reduced Basis (RB) output bound methods [18, 23, 26] can

effectively serve in many of the above-mentioned inverse problem approaches, providing

for extremely accurate and rapid forward evaluation without — thanks to rigorous

a posteriori error estimation — introducing a new source of uncontrolled (numerical)

uncertainty. The essential components of RB methods are (a) rapidly convergent global

RB approximations — (Galerkin) projection onto a space WN spanned by solutions

of the governing PDE at N judiciously selected points in parameter space; (b) a

posteriori error estimation — procedures that provide rigorous and sharp bounds for the

error in specific outputs of interest; and (c) offline/online computational procedures —

stratagems which decouple the generation and projection stages of the approximation

process. The operation count for the online stage — in which, given a new parameter

value, we calculate the output of interest and associated error bound — depends only

on N (typically very small) and the parametric complexity of the problem. The method

is thus particularly well-suited to many-query or real-time contexts.

The RB method can readily serve in the regularization and Bayesian frameworks.

However, the speed of the RB method can also serve to consider alternative techniques

(assuming adequate experimental characterization) for uncertainty quantification. In

this paper, we develop such a numerical approach to parameter estimation for linear

parabolic PDEs.

We first formulate the parameter estimation problem: identification of the
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compact set (the “uncertainty region”) of all possible parameter values consistent with

experimental measurements given in the form of intervals. We then replace the true

outputs with the corresponding RB output bounds to obtain a modified uncertainty

region which sharply contains the true uncertainty region yet is several orders of

magnitude less expensive to interrogate. Finally, we propose efficient algorithms for the

construction of engineering approximations to the modified uncertainty region: from

less rigorous and very fast — for initial design — to fully rigorous and less fast — for

final confirmation.

The uncertainty regions contain the many possible parameter vectors consistent

with the experimental data, and hence implicitly reflect well-posedness/ill-posedness.

For identifiable [5] inverse problems, the uncertainty regions will contain and shrink

to the actual unknown parameter vector as the measurement error is decreased; our

method can determine uncertainty/sensitivities to numerical and experimental error,

and facilitate the design of effective procedures as regards the location/number of

sensors. For non-identifiable [5] inverse problems, the uncertainty regions are very

large (or even unbounded) relative to the measurement error; our method can signal if

a problem/protocol is non-identifiable, however the problem must then be treated by

other (e.g., regularization) techniques. In summary, our approach is intended to confirm

and characterize identifiable/well-posed problems with relatively few parameters.

This paper is organized as follows. In Section 2, we review the RB approximation

and a posteriori error estimation techniques for linear parabolic PDEs with affine

parameter dependence first introduced in [13]. In Section 3, we develop our “uncertainty

region” parameter estimation procedure. In Section 4, we present numerical results for

a nondestructive evaluation problem in delamination.
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2. Forward Problem

2.1. Abstract Formulation

We first consider the “exact” (superscript e) forward problem: Given a parameter vector

µ ∈ D ⊂ IRP , we evaluate the (here, single) output of interest

se(µ, tk) = `(ye(µ, tk)), ∀k ∈ K, (1)

where the field variable, ye(µ, tk) ∈ Y e satisfies the weak form of the µ-parametrized

linear time-invariant parabolic PDE

m(ye(µ, tk), v;µ) + ∆t a(ye(µ, tk), v;µ) = m(ye(µ, tk−1), v;µ)

+∆t b(v;µ), ∀v ∈ Y e, ∀k ∈ K, (2)

with initial condition (say) ye(µ, t0) = y0(µ) = 0. Note for simplicity we directly

consider the Euler-Backward time integration scheme for the underlying PDE over the

time interval ]0, tf ]: we divided [0, tf ] into K subintervals of equal length ∆t =
tf
K

and

defined tk ≡ k∆t, 0 ≤ k ≤ K, T ≡ {t0, . . . , tk}, and K ≡ {1, . . . , K}.

Here µ and D are the input parameter and input parameter domain; a(·, ·;µ) is

a bilinear form defined over Y e; m(·, ·;µ) is a bilinear form defined over Xe; b(·;µ)

and `(·) are Y e and Xe-continuous linear forms, respectively; and Y e ≡ H1
0 (Ω)

— or, more generally, H1
0 (Ω) ⊂ Y e ⊂ H1(Ω) — and Xe ≡ L2(Ω). Recall that

H1(Ω) = {v | v ∈ L2(Ω),∇v ∈ (L2(Ω))d} and H1
0 (Ω) = {v | v ∈ H1(Ω), v|∂Ω = 0},

and that L2(Ω) is the space of square integrable functions over Ω [27]. We associate to

our Hilbert spaces Y e (respectively, Xe) inner product and induced norm, (w, v)Y e and

‖w‖Y e =
√

(w,w)Y e (respectively, (w, v)Xe and ‖w‖Xe =
√

(w,w)Xe).

We next introduce a reference finite element approximation space Y ⊂ Y e (⊂ Xe)

of very large dimension N ; we further define X ≡ Xe. Note that Y and X shall inherit

the inner product and norm from Y e and Xe, respectively. Our reference (or “truth”)

approximation y(µ, tk) ∈ Y to the exact problem (2) is then given by

m(y(µ, tk), v;µ) + ∆t a(y(µ, tk), v;µ) = m(y(µ, tk−1), v;µ)

+ ∆t b(v;µ), ∀v ∈ Y, ∀k ∈ K, (3)
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with initial condition y(µ, t0) = 0; we then evaluate the output s(µ, tk) ∈ IR from

s(µ, tk) = `(y(µ, tk)), ∀k ∈ K. (4)

We shall assume — hence the appellation “truth” — that the discretization is sufficiently

rich such that y(µ, tk) and ye(µ, tk) and hence s(µ, tk) and se(µ, tk) are indistinguishable.

The RB approximation shall be built upon, and the RB error will thus be evaluated

with respect to, our reference approximation y(µ, tk) ∈ Y . Clearly, our methods must

remain computationally efficient and stable as N →∞.

We shall make the following assumptions. First, we assume that for all µ ∈ D the

bilinear forms a(·, ·;µ) and m(·, ·;µ) are continuous,

a(w, v;µ) ≤ γ(µ)‖w‖Y ‖v‖Y ≤ γ0‖w‖Y ‖v‖Y , ∀w, v ∈ Y, (5)

m(w, v;µ) ≤ ρ(µ)‖w‖X‖v‖X ≤ ρ0‖w‖X‖v‖X , ∀w, v ∈ X; (6)

coercive,

0 < α0 ≤ α(µ) ≡ inf
v∈Y

a(v, v;µ)

‖v‖2
Y

, (7)

0 < σ0 ≤ σ(µ) ≡ inf
v∈Y

m(v, v;µ)

‖v‖2
X

, (8)

and symmetric, a(v, w;µ) = a(w, v;µ), ∀w, v ∈ Y , and m(v, w;µ) = m(w, v;µ), ∀w, v ∈

X. We also require that the linear forms b(·;µ) : Y → IR and `(·) : Y → IR be bounded

with respect to ‖ · ‖Y and ‖ · ‖X , respectively.

Second, we shall assume that a, m, and b depend affinely on the parameter µ and

can be expressed as

a(w, v;µ) =

Qa∑
q=1

Θq
a(µ) aq(w, v), ∀w, v ∈ Y, ∀µ ∈ D, (9)

m(w, v;µ) =

Qm∑
q=1

Θq
m(µ) mq(w, v), ∀w, v ∈ Y, ∀µ ∈ D, (10)

b(v;µ) =

Qb∑
q=1

Θq
b(µ) bq(v), ∀v ∈ Y, ∀µ ∈ D, (11)

for some (preferably) small integers Qa,m,b. Here, the functions Θq
a,m,b(µ) : D → IR

depend on µ, but the continuous forms aq, mq, and bq do not depend on µ. This
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affine parameter dependence is crucial for the computational efficiency of the proposed

method; however, see [6, 34] for extensions to the non-affine and nonlinear case.

We shall also assume two further hypotheses: first, that our functions Θq
a,m,b are

C1(D) — the first derivatives are continuous over the parameter domain; and second,

that our forms are “parametrically coercive” such that

Θq
a(µ) > 0, ∀µ ∈ D, 1 ≤ q ≤ Qa (12)

Θq
m(µ) > 0, ∀µ ∈ D, 1 ≤ q ≤ Qm , (13)

and

aq(v, v) ≥ 0, ∀v ∈ Y, 1 ≤ q ≤ Qa (14)

mq(v, v) ≥ 0, ∀v ∈ Y, 1 ≤ q ≤ Qm . (15)

These hypotheses are only required for our most rigorous uncertainty region

approximation.

To ensure rapid convergence of the RB output approximation we introduce a dual

(or adjoint) problem which shall evolve backward in time [8]. Invoking the linear time-

invariant property we can express the adjoint for the output at time tL, 1 ≤ L ≤ K, as

ψL(µ, tk) = Ψ(µ, tK−L+k), 1 ≤ k ≤ L, where Ψ(µ, tk) ∈ Y satisfies

m(v,Ψ(µ, tk);µ) + ∆t a(v,Ψ(µ, tk);µ) = m(v,Ψ(µ, tk+1);µ), ∀v ∈ Y, ∀k ∈ K, (16)

with final condition

m(v,Ψ(µ, tK+1);µ) ≡ `(v), ∀v ∈ Y. (17)

Thus, to obtain ψL(µ, tk), 1 ≤ k ≤ L, ∀L ∈ K, we solve once for Ψ(µ, tk), ∀k ∈ K, and

then appropriately shift the result — we do not need to solve K separate dual problems.

In actual practice (and later in this paper), we consider I outputs, si(µ, tk), 1 ≤

i ≤ I, and hence I corresponding output functionals, `i, and adjoints. (The

method presented here also easily extends to nonzero initial conditions with affine

parameter dependence, and to nonsymmetric problems such as the convection-diffusion

equation [11, 13].)
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2.2. RB Approximation

2.2.1. Formulation We first introduce the nested sample sets Spr
Npr

= {µ̃pr
1 ∈

D̃, . . . , µ̃pr
Npr

∈ D̃}, 1 ≤ Npr ≤ Npr,max, and Sdu
Ndu

= {µ̃du
1 ∈ D̃, . . . , µ̃du

Ndu
∈ D̃},

1 ≤ Ndu ≤ Ndu,max, where µ̃ ≡ (µ, tk) and D̃ ≡ D × T; note that the samples must

reside in the parameter-discrete time space, D̃. Here, Npr and Ndu are the dimensions

of the RB space for the primal and dual variables, respectively; in general, Spr
Npr

6= Sdu
Ndu

,

and in fact Npr 6= Ndu. We then define the associated hierarchical Lagrangian [25] RB

spaces

W pr
Npr

= span{ζpr
n ≡ y(µ̃pr

n ), 1 ≤ n ≤ Npr}, 1 ≤ Npr ≤ Npr,max, (18)

and

W du
Ndu

= span{ζdu
n ≡ Ψ(µ̃du

n ), 1 ≤ n ≤ Ndu}, 1 ≤ Ndu ≤ Ndu,max, (19)

where y(µ̃pr
n ) is the solution of (3) at time t = (tk)pr

n ≡ tk
pr
n for µ = µpr

n and Ψ(µ̃du
n ) is

the solution of (16) at time t = (tk)du
n ≡ tk

du
n for µ = µdu

n . (In actual practice, the basis

functions are orthogonalized [12, 23].)

Our RB approximation yN(µ, tk) to y(µ, tk) is then obtained by a standard Galerkin

projection: given µ ∈ D, yN(µ, tk) ∈ W pr
Npr

satisfies

m(yN(µ, tk), v;µ) + ∆t a(yN(µ, tk), v;µ) = m(yN(µ, tk−1), v;µ)

+∆t b(v;µ), ∀v ∈ W pr
Npr
, ∀k ∈ K, (20)

with initial condition yN(µ, t0) = 0. Similarly, we obtain the RB approximation

ΨN(µ, tk) ∈ W du
Ndu

to Ψ(µ, tk) as the solution of

m(v,ΨN(µ, tk);µ) + ∆t a(v,ΨN(µ, tk);µ) =

m(v,ΨN(µ, tk+1);µ), ∀v ∈ W du
Ndu

,∀k ∈ K, (21)

with final condition

m(v,ΨN(µ, tK+1);µ) ≡ `(v), ∀v ∈ W du
Ndu

. (22)
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Finally, we evaluate the RB output sN(µ, tk) (in practice, RB outputs, si
N(µ, tk), 1 ≤

i ≤ I) from

sN(µ, tk) ≡ `(yN(µ, tk)) +
k∑

k′=1

Rpr(ΨN(µ, tK−k+k′
);µ, tk

′
) ∆t, ∀k ∈ K, (23)

where ∀v ∈ Y, ∀k ∈ K,

Rpr(v;µ, tk) ≡ b(v;µ)− a(yN(µ, tk), v;µ)− 1

∆t
m(yN(µ, tk)− yN(µ, tk−1), v;µ), (24)

is the primal residual; the residual correction in (23) ensures much higher output

accuracy. Note that here N ≡ (Npr, Ndu).

The critical observation is that the field variable y(µ, tk), ∀k ∈ K, is not, in fact,

some arbitrary member of the very high dimensional finite element space Y ; rather,

it resides, or “evolves,” on a much lower dimensional manifold — in effect, a P + 1

dimensional manifold — induced by the parametric and temporal dependence. Thus,

by restricting our attention to this manifold, we can adequately approximate the field

variable by a space of dimension Npr, Ndu � N . This observation is fundamental to our

approach, and is the motivation for our approximation.

2.2.2. Computational Procedure We now develop offline-online computational

procedures in order to fully exploit the dimension reduction of the problem [4, 15, 17, 26].

We first express yN(µ, tk) and ΨN(µ, tk) as

yN(µ, tk) =

Npr∑
n=1

yNn(µ, tk) ζpr
n , (25)

and

ΨN(µ, tk) =

Ndu∑
n=1

ΨNn(µ, tk) ζdu
n , (26)

respectively. We then choose as test functions v = ζpr
n , 1 ≤ n ≤ Npr, for the primal

problem (20) and v = ζdu
n , 1 ≤ n ≤ Ndu, for the dual problem (21).

It follows from (20) that y
N

(µ, tk) = [yN 1(µ, t
k) yN 2(µ, t

k) . . . yN Npr(µ, t
k)]T ∈

IRNpr satisfies

(Mpr
N (µ) + ∆t Apr

N (µ)) y
N

(µ, tk) = Mpr
N (µ) y

N
(µ, tk−1) + ∆t Bpr

N (µ), ∀k ∈ K, (27)
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with initial condition yN n(µ, t0) = 0, 1 ≤ n ≤ Npr. Here, Mpr
N (µ) ∈ IRNpr×Npr

and Apr
N (µ) ∈ IRNpr×Npr are SPD matrices with entries Mpr

N i,j(µ) = m(ζpr
i , ζ

pr
j ;µ),

1 ≤ i, j ≤ Npr, and Apr
N i,j(µ) = a(ζpr

i , ζ
pr
j ;µ), 1 ≤ i, j ≤ Npr, respectively; and

Bpr
N (µ) ∈ IRNpr is the control vector with entries Bpr

N i(µ) = b(ζpr
i ;µ), 1 ≤ i ≤ Npr.

Invoking the affine decomposition (9)-(11), we obtain

Mpr
N (µ) =

Qm∑
q=1

Θq
m(µ) Mpr q

N , Apr
N (µ) =

Qa∑
q=1

Θq
a(µ) Apr q

N , Bpr
N (µ) =

Qb∑
q=1

Θq
b(µ) Bpr q

N , (28)

where the parameter independent quantities Mpr q
N ∈ IRNpr×Npr , Apr q

N ∈ IRNpr×Npr , and

Bpr q
N ∈ IRNpr are given by

Mpr q
N i,j = mq(ζpr

i , ζ
pr
j ), 1 ≤ i, j ≤ Npr,max, 1 ≤ q ≤ Qm,

Apr q
N i,j = aq(ζpr

i , ζ
pr
j ), 1 ≤ i, j ≤ Npr,max, 1 ≤ q ≤ Qa,

Bpr q
N i = bq(ζpr

i ), 1 ≤ i ≤ Npr,max, 1 ≤ q ≤ Qb,

(29)

respectively. (A similar computational procedure for the dual problem (21)-(22) and

the residual correction term in (23) can also be developed. The details of this derivation

and the definitions of the necessary quantities are included in [13].)

The offline-online decomposition is as follows. In the offline stage — performed only

once — we first solve for the ζpr
n , 1 ≤ n ≤ Npr,max, and ζdu

n , 1 ≤ n ≤ Ndu,max; we then

compute and store the µ-independent quantities for the primal problem (e.g., Mpr q
N ,

Apr q
N , and Bpr q

N ), for the dual problem, and for the output estimate. The computational

cost is therefore dependent on Npr,max, Ndu,max, and N — the dimension of the “truth”

finite element approximation space.

In the online stage — performed many times, for each new parameter value µ —

we first assemble the RB matrices; this requires O((N2
pr + N2

du + NprNdu)(Qa + Qm))

operations. We then solve the primal and dual problem for y
N

(µ, tk) and ΨN(µ, tk),

respectively; since the RB matrices are in general full, the operation count is O(N3
pr +

N3
du + K(N2

pr + N2
du)). Finally, given y

N
(µ, tk) and ΨN(µ, tk) we evaluate the output

estimate sN(µ, tk) at a cost of O(2kNprNdu); note that the calculation of all outputs

sN(µ, tk), ∀k ∈ K, requires O(K(K + 1)NprNdu) operations. Thus, as required in the

many-query or real-time contexts, the online complexity is independent of N . Since
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Npr, Ndu � N we expect significant computational savings in the online stage relative

to classical discretization and solution approaches.

2.3. A Posteriori Error Estimation

In order to be certain that our RB approximation satisfies the accuracy level of interest

— and does not introduces new unqualified errors into the inverse procedure— we must

develop rigorous a posteriori error estimators. Indeed, as seen in the next section, the

reliability and efficiency of our parameter estimation procedure rests crucially on the

a posteriori bounds for the error |s(µ, tk) − sN(µ, tk)|: the a posteriori error bounds

will not only eliminate (numerical) uncertainty introduced by the RB approximation,

but also allow us to choose minimal — and hence most efficient — Npr and Ndu while

satisfying the required accuracy.

2.3.1. Preliminaries To begin, we assume that we are given positive lower bounds for

the coercivity constants, α(µ) and σ(µ): α̂(µ) : D → IR+ satisfies

α(µ) ≥ α̂(µ) ≥ α̂0 > 0, ∀µ ∈ D, (30)

and σ̂(µ) : D → IR+ satisfies

σ(µ) ≥ σ̂(µ) ≥ σ̂0 > 0, ∀µ ∈ D; (31)

various recipes for this construction can be found in [13, 23, 26, 35]. We next specify

the inner products

(v, w)Y ≡ a(v, w;µref), ∀v, w ∈ Y, (32)

and

(v, w)X ≡ m(v, w;µref), ∀v, w ∈ Y, (33)

for some constant reference value µref . Recall also that ‖ · ‖Y = (·, ·)1/2
Y , ‖ · ‖X = (·, ·)1/2

X .

We now introduce the dual norm of the primal residual

εpr
Npr

(µ, tk) ≡ sup
v∈Y

Rpr(v;µ, tk)

‖v‖Y

, ∀k ∈ K, (34)
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and the dual norm of the dual residual

εdu
Ndu

(µ, tk) ≡ sup
v∈Y

Rdu(v;µ, tk)

‖v‖Y

, ∀k ∈ K, (35)

where for all v ∈ Y and k ∈ K,

Rdu(v;µ, tk) ≡ −a(v,ΨN(µ, tk);µ)− 1

∆t
m(v,ΨN(µ, tk)−ΨN(µ, tk+1);µ), (36)

is the dual residual. We also define the dual norm

ε
Ψf

Ndu
(µ) ≡ sup

v∈Y

RΨf (v;µ)

‖v‖X

, (37)

where

RΨf (v;µ) = `(v)−m(v,ΨN(µ, tK+1);µ), ∀v ∈ Y, (38)

is the residual for the final condition (17).

2.3.2. Output Bounds Finally, we present the a posteriori error estimation results for

the error in the output estimate, and refer to [13] for the proof.

Proposition 2.1. For the output of interest, s(µ, tk) in (4), and the RB output

estimate, sN(µ, tk) in (23), the error in the output of interest is bounded by

|s(µ, tk)− sN(µ, tk)| ≤ ∆s
N(µ, tk), ∀µ ∈ D, ∀k ∈ K, (39)

where the output bound ∆s
N(µ, tk) is defined as

∆s
N(µ, tk) ≡ ∆pr

Npr
(µ, tk) ∆du

Ndu
(µ, tK−k+1), (40)

with

∆pr
Npr

(µ, tk) ≡

(
∆t

α̂(µ)

k∑
k′=1

εpr
Npr

(µ, tk
′
)
2

) 1
2

, (41)

∆du
Ndu

(µ, tk) ≡

(
∆t

α̂(µ)

K∑
k′=k

εdu
Ndu

(µ, tk
′
)
2
+
ε
Ψf

Ndu
(µ)2

σ̂(µ)

) 1
2

. (42)

Here ∆pr
Npr

(µ, tk) and ∆du
Ndu

(µ, tk) are the error estimates for the errors in the primal

variable and the dual variable, respectively.

In actual practice, we compute an error bound ∆si

N(µ, tk) for each RB output

si
N(µ, tk), 1 ≤ i ≤ I.
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2.3.3. Computational Procedure The offline-online computational procedures for the

calculation of ∆pr
Npr

(µ, tk), ∆du
Ndu

(µ, tk), and ∆s(µ, tk) are rather long; we refer the reader

to [13] for a detailed implementation. Here, we only summarize the computational costs

involved.

The computational cost in the offline stage is (to leading order) O((Npr,max +

Ndu,max)(Qa + Qm)) solutions of the underlying “truth” finite element approximation

and O((N2
pr,max+N2

du,max)(Q
2
a+QaQm+Q2

m)) N -inner products; the storage requirement

is O((N2
pr,max + N2

du,max)(Q
2
a + QaQm + Q2

m)). In the online stage — given a new

parameter value µ and associated RB solutions y
N

(µ, tk) and ΨN(µ, tk), ∀k ∈ K — the

computational cost to evaluate ∆s(µ, tk), ∀k ∈ K, is O(K(N2
pr+N

2
du)(Q

2
a+QaQm+Q2

m));

for multiple outputs the effort scales as I. Thus, all online calculations needed are

independent of N and hence very fast.

3. Parameter Estimation Procedures

In this section, we apply our RB output bound method to reliable real-time parameter

estimation for linear parabolic (parametrically coercive) PDEs with affine parameter

dependence. We emphasize that the following development is not restricted to linear

parabolic PDEs, but in general can be extended to various types of PDEs provided that

the RB approximation and a posteriori error bounds for functional outputs are available.

3.1. Formulation of Parameter Estimation Problems

Reconciliation of output predictions and experimental measurements — each with their

own uncertainty — form the basis for formulating a parameter estimation problem. In

the presence of data uncertainty, formulation of parameter estimation problems depends

on many factors such as the nature of the forward problem, the uncertainty level in the

measurements, and the way in which the experimental uncertainty is characterized. The

present formulation is useful when information on the experimental measurements are

available as bounds in the form of intervals.

We assume that there are I different measured outputs gi, 1 ≤ i ≤ I, each of which is
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measured at J different time levels tk
exp
j , 1 ≤ j ≤ J , where Kexp = {kexp

1 , . . . , kexp
J } ⊂ K;

the measurements can be summarized as a matrix quantity G ∈ IRI×J with entries

Gij = gi(tk
exp
j ), 1 ≤ i ≤ I, 1 ≤ j ≤ J . We further assume that we do not have access

to the exact measurements Gij, but that lower bounds GL
ij and upper bounds GU

ij are

known such that

GL
ij ≤ Gij ≤ GU

ij, 1 ≤ i ≤ I, 1 ≤ j ≤ J . (43)

We also define si(µ, tk), 1 ≤ i ≤ I, 1 ≤ k ≤ K, as the truth approximation outputs

corresponding to the measured quantities: si(µ∗, tk
exp
j ) = gi(tk

exp
j ), 1 ≤ i ≤ I, 1 ≤ j ≤ J ,

for the actual (but unknown) value of the parameter µ∗ ∈ D. Recall that we assume

that our truth solution is indistinguishable from the exact solution — which is here

further assumed to be indistinguishable from the actual physical system.

We now formulate our parameter estimation problem: given the interval bounds

on the exact measurements, [GL
ij, G

U
ij], 1 ≤ i ≤ I, 1 ≤ j ≤ J , we define the uncertainty

region as

P =
{
µ ∈ D | si(µ, tk

exp
j ) ∈ [GL

ij, G
U
ij], 1 ≤ i ≤ I, 1 ≤ j ≤ J

}
. (44)

In words, we find all possible parameter values in the (possibly large) bounded parameter

set D that are consistent with the interval measurements [GL
ij, G

U
ij]. (In fact, µ∗ need not

be in D; in this case, however, P = D — a useful indicator but not a useful parameter

prediction.)

Numerical methods for the construction of the uncertainty region P would require

the repeated solution of the forward problem for si(µ, tk
exp
j ). Unfortunately, the

computation of the truth approximation outputs is typically sufficiently expensive that

the uncertainty region P can not possibly be constructed, let alone constructed in real-

time.

3.2. Formulation via RB Output Bounds

In order to achieve results (in real-time), we employ the RB output bound method

described in the previous section. Towards this end, we introduce si
N(µ, tk) and



An “uncertainty region” reduced basis approach 15

∆si

N(µ, tk), 1 ≤ i ≤ I, 1 ≤ k ≤ K, as the RB approximations and a posteriori error

bounds corresponding to si(µ, tk), 1 ≤ i ≤ I, 1 ≤ k ≤ K. We define the RB output

bounds as

si±
N (µ, tk) ≡ si

N(µ, tk)±∆si

N(µ, tk), 1 ≤ i ≤ I, 1 ≤ k ≤ K . (45)

We may now define our modified uncertainty region

PN ≡
{
µ ∈ D |[si−

N (µ, tk
exp
j ), si+

N (µ, tk
exp
j )] ∩ [GL

ij, G
U
ij] 6= ∅, 1 ≤ i ≤ I, 1 ≤ j ≤ J

}
. (46)

We also define EN as the smallest area ellipsoid that contains PN , and BN as the smallest

P -piped (aligned with the parameter coordinates) that contains PN : EN and BN are

often more practical than PN in engineering analyses.

We can then prove that, thanks to our RB output bounds, PN is conservative:

Proposition 3.1. For P and PN defined in (44) and (46), respectively, P ⊂ PN (and

P ⊂ EN , P ⊂ BN).

Proof. For any µ ∈ P, we note from (44) that si(µ, tk
exp
j ) ∈ [GL

ij, G
U
ij];

furthermore, we note from Proposition 2.1 that si(µ, tk) ∈ [si−
N (µ, tk), si+

N (µ, tk)]. Hence,

[si−
N (µ, tk

exp
j ), si+

N (µ, tk
exp
j )]∩ [GL

ij, G
U
ij] 6= ∅ which in turn implies from (46) that µ ∈ PN .

Since PN ⊂ EN , PN ⊂ BN , it immediately follows that P ⊂ EN , P ⊂ BN .

This result contains several useful and practical implications. First, if PN is an

empty set then we know that something is “wrong” with our assumptions: either the

mathematical model for the forward problem is not correct, or the truth approximation

is inadequate, or the experimental data (43) are suspect. Second, if PN is not empty but

very large compared to the intervals [GL
ij, G

U
ij] then the parameter estimation problem

is non-identifiable [5] due to factors such as inadequate measurements. Third, if PN is a

bounded region of size commensurate with, and scaling as, the intervals [GL
ij, G

U
ij], then

we know that the forward modeling is correct, the truth approximation is adequate, and

the collected measurements are effective: the problem is identifiable, and our approach

returns a conservative estimate of the true parameter.

Fourth (turning to numerical issues), the size of PN relative to P depends critically

on ∆si

N(µ, tk): as N increases, PN shrinks (“from above”) to P ; in practice, we expect
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that PN approaches P quickly, since ∆si

N(µ, tk) vanishes very rapidly with N . Fifth, for

given µ ∈ D, the determination µ ∈ PN (or µ /∈ PN) — the basis for construction of

approximations to PN (and EN and BN) — is much less expensive than the determination

µ ∈ P (or µ /∈ P): the RB output bounds si±
N (µ, tk) are several orders of magnitude less

costly than direct calculation of the truth approximation outputs si(µ, tk), and hence

PN can be much more readily interrogated than P .

3.3. Approximate Bounding Regions

Exact construction of the regions PN , EN , BN is not possible in finite time, let alone

in real-time, even with the rapid RB evaluations. We thus consider approximations

to these regions. The first three approximations P̃N , ẼN , and B̃N are very fast but

not, in general, rigorous: we can not prove P ⊂ P̃N , P ⊂ ẼN , or P ⊂ B̃N . The last

approximation RN is less fast but rigorous: we can prove P ⊂ RN .

We develop an offline-online procedure for the construction of these approximations.

In the offline stage — performed only once — we compute and store the µ-independent

quantities for both the primal problem and I adjoint problems. The offline stage is

computationally extensive and performed only once — more precisely, each time we

wish to change the outputs or consider a new output. In the online stage — for the

given experimental measurements [GL
ij, G

U
ij], 1 ≤ i ≤ I, 1 ≤ j ≤ J, and RB dimension

N — we pursue the algorithms given below for the construction of P̃N , ẼN , B̃N , and

RN . The offline cost can thus be amortized over many forward evaluations necessary

for the construction of these regions, and also typically over many different values of the

estimated parameter µ∗.

3.3.1. Approximate Uncertainty Region P̃N We first find a µIC ∈ PN (which we shall

call the initial center) from

µIC = arg minµ∈PN

I∑
i=1

J∑
j=1

(si
N(µ, tk

exp
j )−GC

ij)
2 . (47)
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Here GC
ij = 0.5(GL

ij + GU
ij) are the centers of the intervals [GL

ij, G
U
ij], 1 ≤ i ≤ I, 1 ≤

j ≤ J . This constrained least-squares problem can be solved efficiently by a finite

difference Levenberg-Marquardt algorithm [19]. (In practice, we may prefer to solve an

unconstrained minimization and verify whether the minimizer satisfies the constraint.)

Next we find a set of M boundary points {µ̂1, . . . , µ̂M} of PN by pursuing a

binary chop search as follows. For a given angle d from the initial center µIC, we find

µout = µIC + λd /∈ PN , and set µin = µIC and µ̂ = 0.5(µin + µout); we then repeatedly

set µin = µ̂ if µ̂ ∈ PN else µout = µ̂, and µ̂ = 0.5(µin + µout); we terminate when the

distance between µin and µout is sufficiently small. It should be noted from (46) that a

verification of µ̂ ∈ PN requires computation of si±
N (µ̂, tk

exp
j ), 1 ≤ i ≤ I, 1 ≤ j ≤ J .

Finally, we define P̃N to be the convex hull of these boundary points. If PN is convex

(or more generally, star-shaped with respect to µIC) — hypotheses plausibly satisfied

for identifiable problems in the limit of small experimental noise — then P̃N → PN as

M →∞.

3.3.2. Approximate Bounding Ellipsoid ẼN We construct our approximation to the

bounding ellipsoid EN of PN as the bounding ellipsoid of the approximate uncertainty

region P̃N . The problem of constructing a smallest volume ellipsoid ẼN containing P̃N

can be solved efficiently by semi-definite programming methods [22, 32]. If P̃N → PN

then ẼN → EN in the limit M →∞.

3.3.3. Approximate Bounding Box B̃N We recall that our bounding box for PN is

defined as

BN ≡
P∏

p=1

[
Bp

min,N , B
p
max,N

]
, (48)

where for p = 1, . . . , P ,

Bp
min,N = min

µ∈PN

µp, Bp
max,N = max

µ∈PN

µp ; (49)

note that µ = (µ1, . . . , µP ). Hence, we need to solve 2P constrained minimization

and maximization problems to form BN . Our optimization shall be approximate: the
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resulting approximate bounding box B̃N is thus given by

B̃N ≡
P∏

p=1

[
B̃p

min,N , B̃
p
max,N

]
. (50)

where B̃p
min,N and B̃p

max,N , 1 ≤ p ≤ P, are our approximations to Bp
min,N and Bp

max,N .

Solution of such minimization and maximization problems by trust-region interior-

point methods is discussed in [24]. However, by noting that the objectives are monotonic

and hence that the optimal solutions lie on the boundary of PN , we devise a very simple

algorithm for solving our particular problems (49). We describe our algorithm for solving

minµ∈PN
µ1; a similar procedure can be applied for the other problems.

First, we start with the initial center µIC and pursue the binary chop search along

a “selected” direction to find a boundary point µ̂ such that µ̂1 < µ̂1
IC. At this boundary

point, we follow a new selected direction to find a new boundary point µ̂new such that

µ̂1
new < µ̂1. (We try many feasible descent directions at µ̂ and select among them the

direction that maximizes µ̂1 − µ̂1
new. Note that a direction at µ̂ is said to be feasible

if there exists an interior point, and is descent if the objective is improved when we

follow that direction.) We next set µ̂ = µ̂new and repeat the second step until we reach

a boundary point µ̂new at which there is no feasible descent direction to follow. Finally,

we set B̃1
min,N = µ̂1

new.

Clearly, for PN convex, B̃N will converge to BN as we refine our search directions.

However, if PN is not convex, there is no such guarantee. (In some sense, convexity

and µIC serve as weak “regularization” or “prior information” for this particular

construction.)

3.3.4. Rigorous Bounding Region We also develop an approach, based on bounds for

the sensitivity of the outputs, to provide an approximate uncertainty region RN such

that P ⊂ RN is guaranteed even for P non-convex and non-connected. (Note that we

do not necessarily obtain PN ⊂ RN .) Recall that, for this approach, we enlist not only

the assumptions (5)-(11), but also the assumption of C1(D) continuity of the Θq
a,m,b

and parametric coercivity of the Θq
a,m and aq, mq. Under these assumptions, we can
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construct RN as follows.

We first introduce a set of parameter points µm, 1 ≤ m ≤M, and associated closed

cells Cµm , 1 ≤ m ≤ M, such that µm ∈ Cµm , 1 ≤ m ≤ M ,
o

C µm∩
o

C µm′ = ∅, 1 ≤ m <

m′ ≤M , and

D =
M⋃

m=1

Cµm . (51)

We define RN in terms of a characteristic, or indicator, function χ(m) : {1, . . . ,M} →

{0, 1}:

RN =
⋃

{m∈{1,...,M} | χ(m)=1}

Cµm . (52)

In words, χ(m) = 1 (respectively, 0) indicates that the cell Cµm is in (respectively, is not

in) the uncertainty region RN .

We now define our characteristic function: for m ∈ {1, . . . ,M},

χ(m) =


1, [si−

N (µm, t
kexp

j )−∇si(µm, t
kexp

j )δm,

si+
N (µm, t

kexp
j ) +∇si(µm, t

kexp
j )δm]∩

[GL
ij, G

U
ij] 6= ∅, 1 ≤ i ≤ I, 1 ≤ j ≤ J

0, otherwise

(53)

where δm is the maximum distance from µm to all points in the cell Cµm , and

∇si(µm, t
kexp

j ) = ‖`i‖X′

√√√√ P∑
p=1

(
∇p

y(µm, t
kexp

j )
)2

. (54)

Here, for any µ and Cµ, ∇p
y(µ, t

k), 1 ≤ p ≤ P, is given by

∇p
y(µ, t

k) = max
µ∈Cµm

2k∆t

(
2Υp

m(µ) + Υp
a(µ)

α̂(µ)σ̂(µ)

)( Qb∑
q=1

Θq
b(µ)‖bq‖Y ′

)2

+
2k∆t

α̂(µ)σ̂(µ)

(
Qb∑
q=1

|∂Θq
b(µ)

∂µp
|‖bq‖Y ′

)2


1/2

(55)

where

Υp
a(µ) = max

1≤q≤Qa

(∂Θq
a(µ)

∂µp )2

(Θq
a(µ))2

, Υp
m(µ) = max

1≤q≤Qm

(∂Θq
m(µ)

∂µp )2

(Θq
m(µ))2

, (56)

and α̂(µ), σ̂(µ) are the lower bounds for α(µ), σ(µ), respectively.

We note that the determination of χ(m) requires us to compute si
N(µm, t

kexp
j ),

∆si

N(µm, t
kexp

j ), and ∇si(µm, t
kexp

j ), 1 ≤ i ≤ I, 1 ≤ j ≤ J , in the online (real-time
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parameter estimation) stage . (The dual norms ‖`i‖X′ , 1 ≤ i ≤ I, and ‖bq‖Y ′ , 1 ≤

q ≤ Qb, are precomputed offline.) In general, ∇si(µm, t
kexp

j ) is less expensive than

si
N(µm, t

kexp
j ) and ∆si

N(µm, t
kexp

j ). Note furthermore that for our example in the next

section, and in practice quite often, the Θq
a,b,m(µ) have very simple forms such that the

maximization over Cµ in (55) can be performed analytically.

Proposition 3.2. For P and RN defined in (44) and (52), respectively, P ⊂ RN .

Proof. We consider a cell Cµ of diameter δ and apply the fundamental theorem of

calculus to obtain

si(µ, tk)− dsi(µ, tk)δ ≤ si(µ, tk) ≤ si(µ, tk) + dsi(µ, tk)δ, ∀µ ∈ Cµ, (57)

where

dsi(µ, tk) = max
µ∈Cµ

{
P∑

p=1

(
∂si(µ, tk)

∂µp

)2
}1/2

. (58)

We then note that

max
µ∈Cµ

∣∣∣∣∂si(µ, tk)

∂µp

∣∣∣∣ = max
µ∈Cµ

∣∣∣∣`i(∂y(µ, tk)∂µp

)∣∣∣∣ ≤ ‖`i‖X′ max
µ∈Cµ

∥∥∥∥∂y(µ, tk)∂µp

∥∥∥∥
X

.(59)

Furthermore, it follows from Proposition A.3 (from the Appendix A) and the coercivity

condition (8) that∥∥∥∥∂y(µ, tk)∂µp

∥∥∥∥2

X

≤ 2k∆t

(
2Υp

m(µ) + Υp
a(µ)

α̂(µ)σ̂(µ)

)
‖b(·;µ)‖2

Y ′ +
2k∆t

α̂(µ)σ̂(µ)

∥∥∥∥∂b(·;µ)

∂µp

∥∥∥∥2

Y ′

≤ 2k∆t

(
2Υp

m(µ) + Υp
a(µ)

α̂(µ)σ̂(µ)

)( Qb∑
q=1

Θq
b(µ)‖bq‖Y ′

)2

+
2k∆t

α̂(µ)σ̂(µ)

(
Qb∑
q=1

|∂Θq
b(µ)

∂µp
|‖bq‖Y ′

)2

(60)

which, after taking the max over Cµ for both sides, gives

max
µ∈Cµ

∥∥∥∥∂y(µ, tk)∂µp

∥∥∥∥
X

≤ ∇p
y(µm, t

k), ∀µ ∈ Cµ . (61)

We thus have from (58), (59), (54), (55), and (61) that

dsi(µ, tk) ≤ ∇si(µ, tk) . (62)

We can now assemble the final result.
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It follows from (57),(62) and Proposition 2.1 that ∀µ ∈ Cµ, 1 ≤ k ≤ K, 1 ≤ i ≤ I,

si(µ, tk) ∈ [si−
N (µ, tk)−∇si(µ, tk)δ, si+

N (µ, tk) +∇si(µ, tk)δ] . (63)

Furthermore, for any µ ∈ P , we note from (44) that si(µ, tk
exp
j ) ∈ [GL

ij, G
U
ij], 1 ≤ i ≤

I, 1 ≤ j ≤ J, and from (51) that there exists an m ∈ {1, . . . ,M} such that µ ∈ Cµm ;

thus, for any µ ∈ P , it follows from (63) (for µ = µm and δ = δm) and (53) that

χ(m) = 1 — which in turn implies from (52) that µ ∈ Cµm ⊂ RN . This completes the

proof.

To construct RN , we apply a simple hierarchical/divide-and-conquer strategy: we

begin with the parameter domain D as a single cell and set Lref = 0; we iteratively divide

each of the cells (which survive from the previous iteration) into (say) 2P subcells and

remove the χ(m) = 0 subcells; we then increment Lref and repeat the process. As we

increase Lref , RN will continue to shrink, and in particular approach P as Lref → ∞

(and N → ∞); however, the total number of evaluated cells M will of course also

increase, leading to an increase in computational cost. Typically, we choose Lref so that

∇si(µm, t
k)δm is commensurate with the measurement error.

In actual practice, and even with the rapid RB response, evaluation of the

characteristic function in each of theM cells will be quite prohibitive especially for multi-

dimensional parameter spaces. Nevertheless, RN does provide complete rigor in the

numerical quantification of the uncertainty region P . Hence, although both slightly less

general as developed here (due to additional assumptions on the forward problems) and

certainly more computationally expensive than the proposals of the previous subsections,

this inverse procedure can be gainfully employed in certain applications with a high

premium on (say) safety.

4. Nondestructive Evaluation of Concrete Delamination

4.1. Problem Description

Fiber-Reinforced Polymer (FRP) composites are applied widely in civil engineering for

bridge column seismic retrofits to strengthen concrete and masonry structures, as well as



An “uncertainty region” reduced basis approach 22

in the rehabilitation of existing infrastructure [14]. To enhance the structural capacity of

the design, layers of FRP composites are bonded to concrete structures using adhesives

such as epoxy resins. The success and performance of this reinforcement depends

strongly on the quality of the bond between the FRP composite and the substrate.

Since debonds or delaminations at the composite-concrete interface often occur (even

at installation), effective quality control — providing reliable information about the

thickness and fiber content of the composite, and the number, location, and size of

defects — is vital to safety. There is thus a need not only for the detection of flaws, but

also for accurate characterization of the detected flaws, and in the field — in real-time.

Infrared (IR) thermography is a common technique for Non-Destructive Evaluation

(NDE). IR thermography has been successfully applied to detect flaws in FRP

composites bonded to concrete [28]: the approach is sensitive to the presence of defects

near the surface and allows for the efficient investigation of large surface areas. In

active IR thermography, the structure is externally heated and the surface temperature

is monitored using an IR imaging system. The heat transfer in the structure is affected

by the presence of flaws in the structure, which gives rise to localized hot or cold spots

on the surface. The goal is then to infer the location and size of defects from the surface

temperature readings. The inverse methods must thus be reliable (to guarantee safety)

and efficient (to allow for characterization in the field).

A model for a FRP composite bonded to concrete similar to the model discussed

in [28] is shown in Figure 1. The concrete slab (below) is of non-dimensional length

60 and thickness 10; and the FRP layer (above) is of non-dimensional length 60 and

thickness 1. We assume that there exists a delamination of unknown non-dimensional

width, wdel, located on the composite-concrete interface and centered at x1 = 0. The

thermal conductivity of concrete is denoted kC, and the thermal conductivity of the

FRP is denoted kFRP; while the former is assumed known (the uncertainty is very small

in practice), the latter depends on the direction of the fibers and the fiber content and is

less predictable. We define κ ≡ kFRP/kC as the ratio of the two thermal conductivities.
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Delamination

Heat Flux

FRP laminate

Concrete slab T (t = 0) = T0

Measurement 2

Measurement 1

q(t)

x1

x2

Γdel wdel

Figure 1. AP I: Delamination of FRP bonded to concrete.

We assume that the volumetric specific heats of the concrete and FRP are identical (and

hence absorbed in the non-dimensional time).

The non-dimensional heat flux, q(t) = q(t)tFRP/(kC(TFRP,max − T 0)), is applied

to the exposed surface of the structure, Γtop, for non-dimensional time t ∈ ]0, 0.5];

here, q(t) is the heat flux, T 0 is the ambient and initial temperature, TFRP,max is the

maximum allowable temperature of the FRP, and tFRP is the dimensional thickness

of the FRP layer. The non-dimensional temperature is measured for t ∈ ]0, 10] over

two small areas located near the surface: Output 1, denoted by s1 for the model and

g1 for the experimental measurement, is the average temperature over a small region

around x1 = 0; and Output 2, denoted by s2 for the model and g2 for the experimental

measurement, is taken over a small region around x1 = 14.5.

From the problem description it is evident that the temperature distribution,

and hence the measured surface temperatures, g1 and g2, depend on the (unknown)

delamination width, wdel, and the (unknown) ratio of the conductivities, κ. By virtue

of symmetry, we consider only the half-domain, and hence we take the half-width of

the delamination, H = wdel/2, as our first (unknown) parameter µ1; we take the

thermal conductivity ratio, κ, as our second (unknown) parameter µ2. We assume

that the delamination half-width satisfies 1 ≤ H ≤ 10 and that the ratio of the

conductivities satisfies 0.4 ≤ κ ≤ 1.8; we thus obtain (µ ≡ (µ1, µ2) ≡ (H, κ) ∈)

D ≡ [1, 10]× [0.4, 1.8] ⊂ IRP=2 as our parameter domain.

Appendix B provides the details of the exact governing equations in strong form,
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the identification of the affine assumptions (9)-(11), and verification of our hypotheses

of parametric coercivity (12)-(15). Additional details are provided in [11, 13].

We next introduce a temporal “truth approximation”: Euler backward

discretization of the governing equations with timestep ∆t = 0.05; this timestep is

sufficiently small to capture the relevant dynamics for all values of the parameter

µ ∈ D. Thus our time interval of [0, 10] maps to discrete time levels tk = k∆t

∀k ∈ K = {1, . . . , K = 200}. Finally, we introduce a spatial P1 finite element truth

approximation space Y of dimension Nt = 5603 corresponding to a triangulation with

very high resolution in the vicinity of the surface (which develops sharp gradients for

small times) and in the region near the delamination crack; for our purposes here, this

highly accurate “truth” approximation is indistinguishable from the exact solution.

In what follows, we present numerical results in Section 4.2 for our RB output

bound method for the forward problem and in Section 4.3 for our parameter estimation

procedure for the inverse problem.

4.2. RB Output Bounds

We first present the convergence rates and error bounds for the I = 2 outputs. For this

purpose, we define the maximum relative output error εsmax,rel, the maximum relative

output bound ∆s
max,rel, and the average output effectivity ηs as:

εsmax,rel = max
µ∈ΞTest

|s(µ, tη(µ))− sN(µ, tη(µ))|/smax

∆s
max,rel = max

µ∈ΞTest

∆s
N(µ, tK)/|smax|

ηs = meanµ∈ΞTest
∆s

N(µ, tη(µ))/|s(µ, tη(µ))− sN(µ, tη(µ))|;

here tη(µ) ≡ arg maxtk∈T |s(µ, tk) − sN(µ, tk)|, smax ≡ maxtk∈T maxµ∈ΞTest
|s(µ, tk)|, and

ΞTest ⊂ D is an input sample of size 121 (a regular 11 × 11 grid). We present, as a

function of Npr = Ndu, ε
s
max,rel, ∆s

max,rel, and ηs in Table 1 for output 1 and Table 2 for

output 2. We observe that the output error and output bound converge very rapidly:

we need only Npr = Ndu = 60 to obtain an accuracy of approximately 0.22% in the

output bound for output 1; even Npr = Ndu = 40 gives an accuracy of 0.36% in output
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Npr Ndu εsmax,rel ∆s
max,rel ηs

20 20 1.78E– 02 1.23E+ 00 174

40 40 1.75E– 03 3.85E– 02 260

60 60 1.67E– 04 2.24E– 03 189

80 80 7.57E– 06 2.43E– 04 268

100 100 6.21E– 07 3.21E– 05 222

120 120 1.34E– 07 6.84E– 06 212

140 140 3.36E– 08 1.82E– 06 210

160 160 8.64E– 09 4.14E– 07 384

Table 1. Convergence rates and effectivities for output 1.

Npr Ndu εsmax,rel ∆s
max,rel ηs

20 20 7.53E– 04 2.72E– 01 817

40 40 8.32E– 05 3.59E– 03 636

60 60 7.82E– 06 2.35E– 04 242

80 80 1.07E– 06 2.21E– 05 324

100 100 7.96E– 08 3.34E– 06 274

120 120 6.02E– 09 8.30E– 07 258

Table 2. Convergence rates and effectivities for output 2.

Npr = Ndu sN(µ, tk), ∀ k ∈ K ∆s
N(µ, tk), ∀ k ∈ K s(µ, tk),∀ k ∈ K

20 3.11E– 03 9.78E– 04 1

40 5.22E– 03 1.54E– 03 1

60 7.90E– 03 2.34E– 03 1

80 9.49E– 03 3.88E– 03 1

100 1.48E– 02 9.98E– 03 1

120 2.01E– 02 1.74E– 02 1

140 2.55E– 02 3.21E– 02 1

160 3.10E– 02 4.36E– 02 1

Table 3. Online computational times to calculate sN (µ, tk) and ∆s
N (µ, tk) for all

k ∈ K (normalized with respect to the time to solve for s(µ, tk),∀ k ∈ K) for output 1.

2. The error bound effectivities are quite large, O(100), for all values of Npr and Ndu

indicating that our bounds are not too sharp; however, thanks to the rapid convergence

of the RB approximation, O(100) effectivities do not significantly affect efficiency — the

necessary increase in RB dimension N is typically modest.

Finally, we present in Table 3, as a function ofNpr(= Ndu), the online computational
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time to calculate sN(µ, tk) and ∆s
N(µ, tk), ∀ k ∈ K, for output 1. The values are

normalized with respect to the computational time for the direct calculation of the truth

approximation output s(µ, tk) = `(u(µ, tk)), ∀k ∈ K. We note that the time to compute

sN(µ, tk) dominates the time to compute ∆s
N(µ, tk) for small values of Npr = Ndu: this

is due to the K2-complexity of evaluating the residual correction term. Since K is not

too large in the present example we still obtain computational savings of a factor of 125

for Npr = Ndu = 60 (corresponding to an accuracy in the output bound of 0.22%); the

average actual run-time for the output estimate and output bound in MATLAB 6.5 is

0.5 seconds on a 750 MHz Pentium III (all timings are for this hardware). The significant

savings per output evaluation is crucial for many-query real-time performance in our

parameter estimation procedure.

4.3. Parameter Estimation

In order to test our parameter estimation procedure, we choose a parameter value

µ∗ (unknown to the procedure, but known to us) and solve the forward problem for

si(µ∗, tk
exp
j ), i = 1, 2; then, for a given εexp > 0, we set the “synthetic” measurements as

GL
ij = si(µ∗, tk

exp
j )− εexpsmax(µ

∗), 1 ≤ j ≤ J, i ∈ S, (64)

GU
ij = si(µ∗, tk

exp
j ) + εexpsmax(µ

∗), 1 ≤ j ≤ J, i ∈ S, (65)

with smax(µ
∗) = maxi∈S maxk∈Kexp s

i(µ∗, tk). Here S is the set of indices indicating which

outputs are invoked in the parameter estimation procedure; for instance, for S = {1}

only s1 is employed, whereas for S = {1, 2} both s1 and s2 are employed. Note that

si(µ∗, tk
exp
j ) ∈ [GL

ij, G
U
ij], 1 ≤ i ≤ I, 1 ≤ j ≤ J ; hence, the region P as defined in (44)

must contain µ∗, as must PN from Proposition 3.1 and RN from Proposition 3.2.

We begin by presenting a sample solution of the parameter estimation problem.

We assume that the true parameter value is µ∗ = (4, 1.2), that the measurement error is

εexp = 0.005, that the set of measurement outputs is S = {1, 2}, and that we are privy

to measurements taken at Kexp = {10, 20, . . . , 200}. We choose for the dimension of the

RB approximations N = 50; recall that N = Npr = Ndu indicates the dimension of both
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Figure 2. Sample solution of the parameter estimation problem: (a) µIC (open circle),
P̃N (solid line), ẼN (dash-dot line), B̃N (dashed line), and RN (the gray grid of cells)
for εexp = 0.005 presented at “close-up” view; and (b) RN present at original view in
the full parameter domain, D. The true parameter is (H∗, κ∗) = (4, 1.2).

the primal and dual RB approximations. The offline stage is then performed only once:

it requires 18120 seconds or roughly 5 hours.

Given this problem specification, we solve the problem (47) to obtain µIC =

(4.0009, 1.2001) in 5.6 seconds. (Henceforth all timings are for the online/deployed stage

only.) We then find the boundary points {µ̂1, . . . , µ̂M} for M = 81 search directions

and construct P̃N and ẼN in a total of 1115 forward evaluations and 510.8 seconds. We

next construct B̃N in a total of 310 forward evaluations and 143.4 seconds. Finally, we

form RN (for Lref = 12) in a total of 7431 forward evaluations and 3404 seconds. (The

region RN is constructed by starting with a grid of M0 = 1 cell (the entire parameter

domain) and refining the χ(m) = 1 cells into 4 rectangular subcells for each iterative

refinement.) We present the results in Figure 2; as we confirm further below, this inverse

problem is identifiable. We note that RN is slightly larger than P̃N : our bounds for the

output sensitivities, ∇si(µm, t
k), are rather large such that — at this level of refinement

— ∇si(µm, t
k)δm is greater than εexp = 0.005.

We next consider the sensitivity of the parameter estimation problem with respect

to the measurement error εexp and the number of refinements Lref . For this purpose, we

introduce ∆̃H = maxRN
H − minRN

H. We present in Figure 3(a) ∆̃H as a function
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Figure 3. Effect of the measurement error and the number of refinements on RN :
(a) ∆̃H as a function of εexp and Lref , and (b) RN as a function of εexp for Lref = 10.
The true parameter is (H∗, κ∗) = (4, 1.2).

of εexp and Lref for (H∗, κ∗) = (4, 1.2); as before, N = 50, Kexp = {10, 20, . . . , 200},

and S = {1, 2}. The “estimation accuracy” ∆̃H falls sharply at Lref = 6 and then

decreases gradually for Lref > 6: increasing the number of refinements effectively

reduces the uncertainty in the parameter estimate, albeit at higher computational costs;

however, there is an optimal value of Lref for a given εexp beyond which the achievable

improvement is very small. (Similar results and conclusions apply to refinement of

the RB approximation as measured by N .) Furthermore, as shown in Figure 3(b) for

Lref = 10, RN shrinks toward the true parameter value (H∗, κ∗) = (4, 1.2) as εexp

decreases, indicative of an identifiable problem.

We next study the sensitivity with respect to the specific outputs measured and

the number of outputs measured. We assume that the true parameter is (H∗, κ∗) =

(7.5, 1.4), that the measurement error is εexp = 0.005, and that measurements are taken

at Kexp = {10, 20, . . . , 200}; as before we choose N = 50. We present in Figure 4

the three bounding ellipses for S1 = {2}, S2 = {1}, and S3 = {1, 2}. We note that

employing only the second output (on top of the undamaged region) results in a very

poor estimate of the delamination half-width width. Employing only the first output,

on the other hand, results in a very good estimate of the delamination half-width. The

result for S3 = {1, 2} is only slightly better than the result for S2 = {1} as regards the
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Figure 4. Effect of the specific outputs measured and the number of outputs
measured: ẼN for S1 = {2}, S2 = {1}, and S3 = {1, 2}. The true parameter is
(H∗, κ∗) = (7.5, 1.4).

uncertainty in H.

We further investigate the sensitivity of the parameter estimation but now with

respect to the number of measurements in time. We assume that (H∗, κ∗) = (7.5, 1.4),

εexp = 0.005, and N = 50. We consider two different time-discrete sets: K1
exp ≡

{10, 20, . . . , 100} and K2
exp ≡ {10, 20, . . . , 200}. We plot the bounding ellipses for

these two cases in Figure 5. We observe that the longer observation time considerably

decreases the uncertainty in the (important) H∗ estimate, but has no effect on reducing

the uncertainty in the (relatively unimportant) κ∗ estimate. Since the size of Kexp

strongly affects the computational efficiency, the choice of Kexp should reflect the trade-

off between acceptable uncertainty and acceptable response time.

Finally, we apply the procedure to a problem which is non-identifiable (ill-posed)

due to insufficient measurements. For this purpose, we consider (H∗, κ∗) = (6.0, 1.0)

and only one measurement, K3
exp ≡ {100}, for a single output, S = {2}. Here we take

N = 100 to ensure that the RB error is smaller than the measurement error. We show

ẼN in Figure 6 for very small measurement errors of 0.02% and 0.01%. Because we

use only one measurement to predict two parameters, the bounds on the H∗ estimate

are considerably larger than the measurement error: for εexp = 0.0001 (0.01%), the

uncertainty in theH∗ estimate is approximately 65%, meaning that the noise is amplified
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Figure 5. Effect of the measurements in time: ẼN for K1
exp ≡ {10, 20, . . . , 100} and

K2
exp ≡ {10, 20, . . . , 200}. The true parameter is (H∗, κ∗) = (7.5, 1.4).
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Figure 6. Verification of non-identifiability: ẼN for the measurement errors of 0.0002
and 0.0001 for K3

exp ≡ {100} presented in (a) zoom view, and (b) original view in D.

by a factor of 6500. Refinement of N , Lref , or εexp will have little effect: fundamentally,

the set P is no longer a singleton and P is of considerable extent in H.

Although we present our results here to illustrate the methodology, in actual

practice we can apply the same calculations to either aid in the design of an effective

Non-Destructive Evaluation procedure, or to perform parameter estimation in the field.
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Appendix A. Bounds for the solution sensitivities

Lemma A.1. Under the assumptions stated in Section 2.1, we have

k∑
j=1

m(y(µ, tj)− y(µ, tj−1), y(µ, tj)− y(µ, tj−1);µ) ≤ ∆t

α(µ)
‖b(·;µ)‖2

Y ′ , ∀k ∈ K . (A.1)

Proof. We first introduce z(µ) ∈ Y (note b ∈ Y ′) such that

a(z(µ), v;µ) = b(v;µ), ∀v ∈ Y , (A.2)

which then implies

a(z(µ), z(µ);µ) = b(z(µ);µ) ≤ ‖b(·;µ)‖Y ′‖z(µ)‖Y ≤
‖b(·;µ)‖2

Y ′

α(µ)
. (A.3)

We further introduce an associated symmetric positive-definite eigenproblem: find

(χi(µ), λi(µ)) ∈ Y × R, 1 ≤ i ≤ N , such that

a(χi(µ), v;µ) = λi(µ)m(χi(µ), v;µ), m(χi(µ), χi(µ)) = 1 . (A.4)

We order the eigenvalues such that 0 < λmin(µ) = λ1(µ) ≤ . . . ≤ λN (µ). We note the

orthogonality relation a(χi(µ), χj(µ)) = λi(µ)m(χi(µ), χj(µ)) = λi(µ)δij, 1 ≤ i, j ≤ N .

We now expand y(µ, tk) =
∑N

i=1 φ
k
i (µ)χi(µ), 1 ≤ k ≤ K, as well as z(µ) =∑N

i=1 zi(µ)χi(µ); note from (A.2) that zi(µ) = b(χi(µ);µ)/λi(µ). We substitute these

expansions into (3) and invoke orthogonality to obtain

φk
i (µ)− φk−1

i (µ)

∆t
+ λi(µ)φk

i (µ) = λi(µ)zi(µ), 1 ≤ i ≤ N , 1 ≤ k ≤ K , (A.5)

with φ0
i (µ) = 0, 1 ≤ i ≤ N . This yields

φk
i (µ) =

λi∆tzi(µ) + φk−1
i (µ)

1 + λi(µ)∆t
= zi(µ)fk(λi(µ)∆t), 1 ≤ i ≤ N , 1 ≤ k ≤ K , (A.6)

where

f 1(x) =
x

1 + x
, f2(x) =

x+ f 1(x)

1 + x
, . . . , fk(x) =

x+ fk−1(x)

1 + x
; (A.7)

we note that
k∑

j=1

(1−f j(x))2 =
k∑

j=1

1

(1 + x)2j
=

(1 + x)2k − 1

(x2 + 2x)(1 + x)2k
≤ 1

x
, ∀x > 0 .(A.8)
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It thus follows from (A.3)-(A.8) and the orthogonality that
k∑

j=1

m(y(tj)− y(tj−1), y(tj)− y(tj−1);µ) =
k∑

j=1

N∑
i=1

(
φj

i (µ)− φj−1
i (µ)

)2
=

k∑
j=1

N∑
i=1

(∆t)2λ2
i (µ)(zi(µ)− φj

i (µ))2

= (∆t)2

N∑
i=1

λ2
i (µ)z2

i (µ)
k∑

j=1

(1− f j(λi(µ)∆t))2

≤ ∆t
N∑

i=1

λi(µ)z2
i (µ)

≤ ∆ta(z(µ), z(µ);µ)

≤ ∆t

α(µ)
‖b(·;µ)‖2

Y ′ , (A.9)

which is the desired result.

Lemma A.2. Under the assumptions stated in Section 2.1, we have

∆t
k∑

j=1

a(y(µ, tj), y(µ, tj);µ) ≤ k∆t

α(µ)
‖b(·;µ)‖2

Y ′ . (A.10)

Proof. We choose v = y(tj) in (3) to obtain

m(y(tj), y(tj);µ) + ∆t a(y(tj), y(tj);µ) = m(y(tj−1), y(tj);µ)

+∆t b(y(tj);µ), ∀v ∈ Y, ∀j ∈ K . (A.11)

We next note from the Cauchy-Schwartz and Young inequalities that

m(y(tj−1), y(tj);µ) ≤ m1/2(y(tj−1), y(tj−1);µ) m1/2(y(tj), y(tj);µ)

≤ 1

2
m(y(tj−1), y(tj−1);µ) +

1

2
m(y(tj), y(tj);µ). (A.12)

It thus follows from (A.11) and (A.12) that

m(y(tj), y(tj);µ)−m(y(tj−1), y(tj−1);µ) + 2∆t a(y(tj), y(tj);µ) ≤ 2∆t b(y(tj);µ)

which after performing the sum from j = 1 to k gives

m(y(tk), y(tk);µ) + 2∆t
k∑

j=1

a(y(tj), y(tj);µ) = 2∆t
k∑

j=1

b(y(tj);µ) . (A.13)

Furthermore, we apply the Cauchy-Schwartz inequality and coercivity to bound the

right-hand side as

2∆t
k∑

j=1

b(y(tj);µ) ≤ 2∆t
k∑

j=1

‖b(·;µ)‖Y ′‖y(tj)‖Y
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≤ 2∆t
{
k‖b(·;µ)‖2

Y ′

}1/2

{
k∑

j=1

‖y(tj)‖2
Y

}1/2

≤ 2∆t
{
k‖b(·;µ)‖2

Y ′

}1/2

{
1

α(µ)

k∑
j=1

a(y(tj), y(tj);µ)

}1/2

. (A.14)

The desired result follows from (A.13) and (A.14).

Proposition A.3. Under the assumptions stated in Section 2.1 and Section 3.3, the

sensitivities for the solution are bounded as

m(
∂y(tk)

∂µp
,
∂y(tk)

∂µp
;µ) ≤ 2k∆t

(
2Υp

m(µ) + Υp
a(µ)

α(µ)

)
‖b(·;µ)‖2

Y ′ +
2k∆t

α(µ)
‖∂b(·;µ)

∂µp
‖2

Y ′ .(A.15)

Proof. Let the prime denote the partial derivatives with respect to a particular

parameter component µp. We first differentiate (3) with respect to µp and choose

v = y′(µ, tj) to obtain

m(y′(tj), y′(tj);µ) +m′(y(tj), y′(tj);µ) + ∆t a(y′(tj), y′(tj);µ) + ∆t a′(y(tj), y′(tj);µ)

= m(y′(tj−1), y′(tj);µ) +m′(y(tj−1), y′(tj);µ) + ∆tb′(y′(tj);µ). (A.16)

We then note from the Cauchy-Schwartz and Young inequalities that

m(y′(tj−1), y′(tj);µ) ≤ m1/2(y′(tj−1), y′(tj−1);µ)m1/2(y′(tj), y′(tj);µ)

≤ 1

2
m(y′(tj−1), y′(tj−1);µ) +

1

2
m(y′(tj), y′(tj);µ) . (A.17)

It thus follows from (A.16) and (A.17) that

m(y′(tj), y′(tj);µ)−m(y′(tj−1), y′(tj−1);µ) + 2∆t a(y′(tj), y′(tj);µ)

≤ 2(m′(y(tj−1), y′(tj);µ)−m′(y(tj), y′(tj);µ))

−2∆t a′(y(tj), y′(tj);µ) + 2∆tb′(y′(tj);µ), (A.18)

which, after performing the sum from j = 1 to k, gives

m(y′(tk), y′(tk);µ) + 2∆t
k∑

j=1

a(y′(tj), y′(tj);µ)

≤ 2
k∑

j=1

(
m′(y(tj−1), y′(tj);µ)−m′(y(tj), y′(tj);µ)

)
− 2∆t

k∑
j=1

a′(y(tj), y′(tj);µ) + 2∆t
k∑

j=1

b′(y′(tj);µ). (A.19)
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We proceed to obtain bounds for the terms on the right-hand side.

The first term in the right hand side can be bounded by

2
k∑

j=1

m′(y(tj−1)− y(tj), y′(tj);µ)

= 2
k∑

j=1

Qm∑
q=1

(Θq
m(µ))′mq(y(tj−1)− y(tj), y′(tj))

≤ 2
k∑

j=1

Qm∑
q=1

|(Θq
m(µ))′|

√
mq(y(tj−1)− y(tj), y(tj−1)− y(tj))

√
mq(y′(tj), y′(tj))

≤
k∑

j=1

Qm∑
q=1

|(Θq
m(µ))′|

(
2k|(Θq

m(µ))′|
Θq

m(µ)
mq(y(tj−1)− y(tj), y(tj−1)− y(tj))

+
Θq

m(µ)

2k|(Θq
m(µ))′|

mq(y′(tj), y′(tj))

)
≤ 2kΥp

m(µ)
k∑

j=1

m(y(tj−1)− y(tj), y(tj−1)− y(tj);µ) +
1

2k

k∑
j=1

m(y′(tj), y′(tj);µ)(A.20)

where we have applied the Cauchy-Schwartz inequality in the third step, and the Young

inequality

2|c||d| ≤ c2

ρ2
+ ρ2d2 (A.21)

for c2 = mq(y(tj−1)− y(tj), y(tj−1)− y(tj)), d2 = mq(y′(tj), y′(tj)), and ρ2 = Θq
m(µ)

2k|(Θq
m(µ))′|

in the fourth step; note our derivation remains valid for (Θq
m(µ))′ = 0 since in this case

the associated term vanishes.

In a similar way, we can bound the second term on the right-hand side of the

equation (A.19) as

−2∆t
k∑

j=1

a′(y(tj), y′(tj);µ) ≤ ∆t
k∑

j=1

(
Υp

a(µ)a(y(tj), y(tj);µ) + a(y′(tj), y′(tj);µ)
)
.(A.22)

We can also develop a bound for the last term from Cauchy-Schwartz inequality and

coercivity:

2∆t
k∑

j=1

b′(y′(tj);µ) ≤ 2∆t
k∑

j=1

‖b′(·;µ)‖Y ′‖y′(tj)‖Y

≤ 2∆t
{
k‖b′(·;µ)‖2

Y ′

}1/2

{
k∑

j=1

‖y′(tj)‖2
Y

}1/2



An “uncertainty region” reduced basis approach 35

≤ 2∆t
{
k‖b(·;µ)‖2

Y ′

}1/2

{
1

α(µ)

k∑
j=1

a(y′(tj), y′(tj);µ)

}1/2

≤ k∆t

α(µ)
‖b′(·;µ)‖2

Y ′ + ∆t
k∑

j=1

a(y′(tj); y′(tj);µ) . (A.23)

Gathering (A.19),(A.20), (A.22), and (A.23) gives

m(y′(tk), y′(tk);µ)− 1

2k

k∑
j=1

m(y′(tj), y′(tj);µ)

≤ 2kΥp
m(µ)

k∑
j=1

m(y(tj−1)− y(tj), y(tj−1)− y(tj);µ)

+ Υp
a(µ)∆t

k∑
j=1

a(y(tj), y(tj);µ) +
k∆t

α(µ)
‖b′(·;µ)‖2

Y ′

≤ k∆t

(
2Υp

m(µ) + Υp
a(µ)

α(µ)

)
‖b(·;µ)‖2

Y ′ +
k∆t

α(µ)
‖b′(·;µ)‖2

Y ′ (A.24)

according to Lemma A.1 and Lemma A.2.

Finally, we proceed by induction to get the desired result. The result is obvious for

k = 1. Assuming that the result is true for j < k, we proceed by induction. For any

k for which m(y′(tk), y′(tk);µ) is the maximum, the result is again obvious. For any k

for which m(y′(tj), y′(tj);µ) is the maximum for some j < k, our induction hypothesis

yields

m(y′(tk), y′(tk);µ) ≤ m(y′(tj), y′(tj);µ)

≤ 2j∆t

(
2Υp

m(µ) + Υp
a(µ)

α(µ)

)
‖b(·;µ)‖2

Y ′ +
2j∆t

α(µ)
‖b′(·;µ)‖2

Y ′

≤ 2k∆t

(
2Υp

m(µ) + Υp
a(µ)

α(µ)

)
‖b(·;µ)‖2

Y ′ +
2k∆t

α(µ)
‖b′(·;µ)‖2

Y ′ , (A.25)

which is the desired result.

Appendix B. Concrete Delamination

Appendix B.1. Governing Equations

The temperature distribution, T (x, t), in the FRP and concrete (C) is governed by the

(appropriately) non-dimensionalized transient heat equations

∂TFRP(x, t)

∂t
= κ∇2TFRP(x, t), in Ωo

FRP, (B.1)
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∂TC(x, t)

∂t
= ∇2TC(x, t), in Ωo

C, (B.2)

with initial temperatures TFRP(x, t = 0) = 0 and TC(x, t = 0) = 0; here, x = (x1, x2) is

the spatial coordinate, and T (x, t) = (T − T 0)/(TFRP,max − T 0) is the non-dimensional

temperature, where T 0 is the ambient temperature and TFRP,max is the maximum

allowable temperature of the FRP.

The temperature and heat flux at the composite-concrete interface (excluding the

delaminated area) are continuous, i.e.,

TFRP = TC, on ∂ΩFRP ∩ ∂ΩC, (B.3)

−κ∇TFRP · n|∂ΩFRP
= −∇TC · n|∂ΩC

, on ∂ΩFRP ∩ ∂ΩC. (B.4)

Since the conductivity of air is much larger than that of FRP and concrete, we may

impose a homogeneous Neumann condition at the delamination boundary, Γdel,

∇TFRP · n = 0, on Γdel, (B.5)

∇TC · n = 0, on Γdel. (B.6)

The non-dimensional heat source q(t) is reflected in the boundary condition on the

surface, given by

−κ∇TFRP · n = q(t), on x2 = 11, x1 ∈ [−30, 30] , (B.7)

where q(t) = 1 for t ∈ [0, 0.5] and q(t) = 0 for t > 0.5. Finally, we assume that the heat

flux on the left and right boundaries is zero,

∇TC · n = 0, on x1 = ±30, x2 ∈ [1, 10], (B.8)

∇TFRP · n = 0, on x1 = ±30, x2 ∈ [10, 11], (B.9)

and that the temperature at the bottom boundary is at ambient level,

TC = 0, on x1 ∈ [−30, 30], x2 = 0. (B.10)

Note that the dimensions of the domain are chosen such that the truncation boundary

conditions (B.8)–(B.10) do not substantially affect the temperature measurements.
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Figure B1. Reference domain Ω ≡ Ωo for µ1,ref = 5.

Appendix B.2. Mapped Reference Domain

We note that the geometry of the slab depends on the delamination width wdel; we

treat the geometric variation in an indirect way by performing an affine geometric

mapping (see [33] for a detailed discussion of affine mappings) from the parameter

dependent solution domain Ωo (with solution T ) to a fixed reference domain Ω ≡ Ωo =

[0, 30]× [0, 11] for µ1,ref = 5 (with solution y) shown in Figure B1.

As regards the transformation, we first divide Ω into 10 subdomains, Ωi, 1 ≤ i ≤ 10.

The delamination is indicated by the magenta horizontal line, Γdel, between the domains

Ω1, Ω2 and Ω5, Ω7, respectively. We note that we only have to consider geometric

variations — dilation in the x1-direction — in regions Ω2, Ω3, Ω7, and Ω8; the remaining

regions do not vary with the delamination width wdel. We also note that the “fictitious”

regions Ω6 and Ω10 are introduced primarily to preserve the integrity of the two outputs

— defined as the average temperatures over these regions.

Appendix B.3. Affine Decomposition

We define the inner product (w, v)Y ≡ a(w, v;µref) and (w, v)X ≡ m(w, v;µref),

corresponding to (32) and (33) for µref = (5, 1.2), respectively; the coercivity lower

bounds α(µ) and σ(µ) are then constructed by the “min Θ” approach [23, 13].

It can be shown that in the reference domain the bilinear and linear forms a, m, and

b admit the affine representation (9)-(11) with Qa = 10, Qm = 3, Qb = 3, respectively.
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The affine decomposition resulting from the geometric mapping is given as follows (note

that the output functional, `, does not depend on µ) [11, 13]:

Θ1
a(µ) = 1 a1(w, v) =

∫
Ω1∪Ω4

∇w · ∇v

Θ2
a(µ) = µ2 a2(w, v) =

∫
Ω5∪Ω6∪Ω9∪Ω10

∇w · ∇v

Θ3
a(µ) = 5

µ1−0.5
a3(w, v) =

∫
Ω2

wx vx

Θ4
a(µ) = µ1−0.5

5
a4(w, v) =

∫
Ω2

wy vy

Θ5
a(µ) = 6.5

12−µ1
a5(w, v) =

∫
Ω3

wx vx

Θ6
a(µ) = 12−µ1

6.5
a6(w, v) =

∫
Ω3

wy vy

Θ7
a(µ) = µ2

5
µ1−0.5

a7(w, v) =

∫
Ω7

wx vx

Θ8
a(µ) = µ2

µ1−0.5
5

a8(w, v) =

∫
Ω7

wy vy

Θ9
a(µ) = µ2

6.5
12−µ1

a9(w, v) =

∫
Ω8

wx vx

Θ10
a (µ) = µ2

12−µ1

6.5
a10(w, v) =

∫
Ω8

wy vy,

(B.11)

for a(·, ·;µ);

Θ1
m(µ) = 1 m1(w, v) =

∫
Ω1∪Ω4∪Ω5∪Ω6∪Ω9∪Ω10

w v

Θ2
m(µ) = µ1−0.5

5
m2(w, v) =

∫
Ω2∪Ω7

w v

Θ3
m(µ) = 12−µ1

6.5
m3(w, v) =

∫
Ω3∪Ω8

w v,

(B.12)

for m(·, ·;µ); and

Θ1
b(µ) = 1 b1(w, v) =

∫
Γ1

1∪Γ4
q

v dΓ

Θ2
b(µ) = µ1−0.5

5
b2(w, v) =

∫
Γ2

q

v dΓ

Θ3
b(µ) = 12−µ1

6.5
b3(w, v) =

∫
Γ3

q

v dΓ ,

(B.13)

for b(·;µ). (Note the superscripts for the Θ, a, m and b refer to the terms in the affine

expansions not the subdomains.)

It is readily demonstrated that a and m are parametrically coercive.
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